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Abstract—7KH GLIIXVLRQ /06 DOJRULWKP KDV EHHQ H[WHQVLYHO\
VWXGLHG LQ UHFHQW \HDUV� 7KLV HI¿FLHQW VWUDWHJ\ DOORZV WR DGGUHVV
GLVWULEXWHG RSWLPL]DWLRQ SUREOHPV RYHU QHWZRUNV LQ WKH FDVH
ZKHUH QRGHV KDYH WR FROODERUDWLYHO\ HVWLPDWH D VLQJOH SDUDPHWHU
YHFWRU� 1HYHUWKHOHVV� WKHUH DUH VHYHUDO SUREOHPV LQ SUDFWLFH WKDW
DUH PXOWLWDVN�RULHQWHG LQ WKH VHQVH WKDW WKH RSWLPXP SDUDPHWHU
YHFWRU PD\ QRW EH WKH VDPH IRU HYHU\ QRGH� 7KLV EULQJV XS WKH
LVVXH RI VWXG\LQJ WKH SHUIRUPDQFH RI WKH GLIIXVLRQ /06 DOJRULWKP
ZKHQ LW LV UXQ� HLWKHU LQWHQWLRQDOO\ RU XQLQWHQWLRQDOO\� LQ D PXOWL�
WDVN HQYLURQPHQW� ,Q WKLV SDSHU� ZH FRQGXFW D WKHRUHWLFDO DQDO\VLV
RQ WKH VWRFKDVWLF EHKDYLRU RI GLIIXVLRQ /06 LQ WKH FDVH ZKHUH
WKH VLQJOH�WDVN K\SRWKHVLV LV YLRODWHG� :H DQDO\]H WKH FRPSHWLQJ
IDFWRUV WKDW LQÀXHQFH WKH SHUIRUPDQFH RI GLIIXVLRQ /06 LQ WKH
PXOWLWDVN HQYLURQPHQW� DQG ZKLFK DOORZ WKH DOJRULWKP WR FRQWLQXH
WR GHOLYHU SHUIRUPDQFH VXSHULRU WR QRQ�FRRSHUDWLYH VWUDWHJLHV
LQ VRPH XVHIXO FLUFXPVWDQFHV� :H DOVR SURSRVH DQ XQVXSHUYLVHG
FOXVWHULQJ VWUDWHJ\ WKDW DOORZV HDFK QRGH WR VHOHFW� YLD DGDSWLYH
DGMXVWPHQWV RI FRPELQDWLRQ ZHLJKWV� WKH QHLJKERULQJ QRGHV ZLWK
ZKLFK LW FDQ FROODERUDWH WR HVWLPDWH D FRPPRQ SDUDPHWHU YHFWRU�
6LPXODWLRQV DUH SUHVHQWHG WR LOOXVWUDWH WKH WKHRUHWLFDO UHVXOWV� DQG
WR GHPRQVWUDWH WKH HI¿FLHQF\ RI WKH SURSRVHG FOXVWHULQJ VWUDWHJ\�
Index Terms—$GDSWLYH FOXVWHULQJ� FROODERUDWLYH SURFHVVLQJ� GLI�

IXVLRQ VWUDWHJ\� GLVWULEXWHG RSWLPL]DWLRQ� PXOWLWDVN OHDUQLQJ� VWR�
FKDVWLF SHUIRUPDQFH�

,� ,1752'8&7,21

' ,675,%87(' DGDSWLYH HVWLPDWLRQ LV DQ DWWUDFWLYH DQG
FKDOOHQJLQJ SUREOHP WKDW DOORZV D FROOHFWLRQ RI LQWHUFRQ�

QHFWHG QRGHV WR SHUIRUP SUHDVVLJQHG WDVNV IURP VWUHDPLQJ PHD�
VXUHPHQWV� VXFK DV SDUDPHWHU HVWLPDWLRQ� $OWKRXJK FHQWUDOL]HG
VWUDWHJLHV PD\ EHQH¿W IURP LQIRUPDWLRQ FROOHFWHG WKURXJKRXW D
QHWZRUN� LQ PRVW FDVHV� GLVWULEXWHG VWUDWHJLHV DUH PRUH UREXVW
WR VROYH LQIHUHQFH SUREOHPV LQ D FROODERUDWLYH DQG DXWRQRPRXV
PDQQHU >�@�
0RVW UHFHQW HIIRUWV LQ WKH VWXG\ RI GLVWULEXWHG HVWLPDWLRQ

SUREOHPV KDYH IRFXVHG RQ VFHQDULRV ZKHUH WKH QHWZRUN LV
HPSOR\HG WR FROOHFWLYHO\ HVWLPDWH D VLQJOH SDUDPHWHU YHFWRU�

0DQXVFULSW UHFHLYHG $SULO ��� ����� UHYLVHG $XJXVW ��� ���� DQG 1RYHPEHU
��� ����� DFFHSWHG )HEUXDU\ ��� ����� 'DWH RI SXEOLFDWLRQ 0DUFK ��� ����� GDWH
RI FXUUHQW YHUVLRQ $SULO ��� ����� 7KH DVVRFLDWH HGLWRU FRRUGLQDWLQJ WKH UHYLHZ
RI WKLV PDQXVFULSW DQG DSSURYLQJ LW IRU SXEOLFDWLRQ ZDV 'U� 7DUDT $O�1DIIRXUL�
7KH ZRUN RI &� 5LFKDUG ZDV SDUWO\ VXSSRUWHG E\ WKH $JHQFH 1DWLRQDOH SRXU
OD 5HFKHUFKH� )UDQFH �2',66(( SURMHFW� $15����$675������� 7KH ZRUN RI
$� +� 6D\HG ZDV VXSSRUWHG LQ SDUW E\ 16) JUDQWV &&)�������� DQG (&&6�
�������� $ VKRUW DQG SUHOLPLQDU\ YHUVLRQ RI WKLV ZRUN DSSHDUV LQ WKH 3URFHHG�
LQJV RI WKH ,QWHUQDWLRQDO:RUNVKRS RQ &RPSXWDWLRQDO $GYDQFHV LQ0XOWL�6HQVRU
$GDSWLYH 3URFHVVLQJ �&$06$3�� 6W� 0DUWLQ� )UDQFH� 'HFHPEHU �����
-� &KHQ DQG &� 5LFKDUG DUH ZLWK WKH 8QLYHUVLWp RI 1LFH 6RSKLD�$Q�

WLSROLV� &156� ����� 1LFH� )UDQFH �H�PDLO� GU�MLH�FKHQ#LHHH�RUJ� FHGULF�
ULFKDUG#XQLFH�IU��
$� +� 6D\HG LV ZLWK WKH GHSDUWPHQW RI HOHFWULFDO HQJLQHHULQJ� 8QLYHUVLW\ RI

&DOLIRUQLD� /RV $QJHOHV� &$ ��������� 86$ �H�PDLO� VD\HG#HH�XFOD�HGX��
&RORU YHUVLRQV RI RQH RU PRUH RI WKH ¿JXUHV LQ WKLV SDSHU DUH DYDLODEOH RQOLQH

DW KWWS���LHHH[SORUH�LHHH�RUJ�
'LJLWDO 2EMHFW ,GHQWL¿HU ��������763�������������

6HYHUDO VWUDWHJLHV KDYH EHHQ SURSRVHG IRU WKLV SXUSRVH IRU
VHTXHQWLDO GDWD SURFHVVLQJ RYHU QHWZRUNV� LQFOXGLQJ FRQVHQVXV
VWUDWHJLHV >�@±>��@� LQFUHPHQWDO VWUDWHJLHV >��@±>��@� DQG GLIIX�
VLRQ VWUDWHJLHV >��@� >��@� 'LIIXVLRQ VWUDWHJLHV DUH SDUWLFXODUO\
DWWUDFWLYH GXH WR WKHLU HQKDQFHG DGDSWDWLRQ SHUIRUPDQFH DQG
ZLGHU VWDELOLW\ UDQJHV ZKHQ FRQVWDQW VWHS�VL]HV DUH XVHG WR
HQDEOH FRQWLQXRXV OHDUQLQJ >��@� )RU WKLV UHDVRQ� ZH IRFXV RQ
WKLV FODVV RI VWUDWHJLHV LQ WKH UHPDLQGHU RI WKH DUWLFOH� 7KHVH
VWUDWHJLHV HVWLPDWH D FRPPRQ SDUDPHWHU YHFWRU E\ PLQLPL]LQJ�
LQ D GLVWULEXWHG PDQQHU� D JOREDO FULWHULRQ WKDW DJJUHJDWHV QHLJK�
ERUKRRG FRVW IXQFWLRQV� 1RGHV H[FKDQJH LQIRUPDWLRQ ORFDOO\
DQG FRRSHUDWH RQO\ ZLWK WKHLU QHLJKERUV� ZLWKRXW WKH QHHG IRU
VKDULQJ DQG UHTXLULQJ DQ\ JOREDO LQIRUPDWLRQ� 7KH UHVXOWLQJ
QHWZRUNV EHQH¿W IURP WKH WHPSRUDO DQG VSDWLDO GLYHUVLW\ RI
WKH GDWD DQG HQG XS EHLQJ HQGRZHG ZLWK SRZHUIXO OHDUQLQJ
DQG WUDFNLQJ DELOLWLHV >��@� >��@� 7KH SHUIRUPDQFH RI WKH FRUUH�
VSRQGLQJ DGDSWLYH QHWZRUNV KDYH EHHQ H[WHQVLYHO\ VWXGLHG LQ
WKH OLWHUDWXUH� XQGHU IDYRUDEOH DQG XQIDYRUDEOH FRQGLWLRQV VXFK
DV PRGHO QRQ�VWDWLRQDULWLHV DQG LPSHUIHFW FRPPXQLFDWLRQ >��@�
>��@� 7KLV IUDPHZRUN KDV DOVR EHHQ H[WHQGHG E\ FRQVLGHULQJ
PRUH JHQHUDO FRVW IXQFWLRQV DQG GDWD PRGHOV >��@� >��@±>��@�
E\ LQFRUSRUDWLQJ DGGLWLRQDO UHJXODUL]HUV >��@±>��@� RU E\ H[�
SDQGLQJ LWV XVH WR RWKHU VFHQDULRV >��@±>��@�
7KH ZRUNLQJ K\SRWKHVLV IRU WKHVH HDUOLHU VWXGLHV RQ GLIIXVLRQ

/06 VWUDWHJLHV LV WKDW WKH QRGHV FRRSHUDWH ZLWK HDFK RWKHU WR HV�
WLPDWH D VLQJOH SDUDPHWHU YHFWRU� :H VKDOO UHIHU WR SUREOHPV RI
WKLV W\SH DV single-task SUREOHPV� +RZHYHU� PDQ\ SUREOHPV RI
LQWHUHVW KDSSHQ WR EH multitask�RULHQWHG LQ WKH VHQVH WKDW WKHUH
DUH PXOWLSOH RSWLPXP SDUDPHWHU YHFWRUV WR EH LQIHUUHG VLPXOWD�
QHRXVO\ DQG LQ D FROODERUDWLYH PDQQHU� 7KH PXOWLWDVN OHDUQLQJ
SUREOHP LV UHOHYDQW LQ VHYHUDO PDFKLQH OHDUQLQJ IRUPXODWLRQV
>��@±>��@� ,Q WKH GLVWULEXWHG HVWLPDWLRQ FRQWH[W� ZKLFK LV WKH
IRFXV RI WKLV ZRUN� WKHUH H[LVW PDQ\ DSSOLFDWLRQV ZKHUH HLWKHU
DJHQWV DUH VXEMHFW WR GDWD PHDVXUHPHQWV DULVLQJ IURP GLIIHUHQW
PRGHOV� RU WKH\ DUH VHQVLQJ GDWD WKDW YDULHV RYHU WKH VSDWLDO GR�
PDLQ� 2QO\ D KDQGIXO RI ZRUNV KDYH FRQVLGHUHG SUREOHP IRUPX�
ODWLRQV WKDW GHDO PXOWLWDVN VFHQDULRV� $ EULHI VXPPDU\ IROORZV�
)RU LQVWDQFH� LI GLIIHUHQW JURXSV RI DJHQWV ZLWKLQ D QHWZRUN

KDSSHQ WR EH WUDFNLQJ GLIIHUHQW PRYLQJ WDUJHWV� WKHQ DOO DJHQWV
ZLWKLQ WKH VDPH FOXVWHU ZRXOG EH LQWHUHVWHG LQ HVWLPDWLQJ WKH
VDPH SDUDPHWHU YHFWRU �VD\� WKH YHFWRU WKDW GHVFULEHV WKH OR�
FDWLRQ RI WKHLU WDUJHW�� ,I WKH WDUJHWV DUH PRYLQJ LQ IRUPDWLRQ�
WKHQ WKHLU ORFDWLRQ YHFWRUV ZRXOG EH UHODWHG WR HDFK RWKHU DQG�
WKHUHIRUH� FRRSHUDWLRQ DPRQJ FOXVWHUV ZRXOG EH EHQH¿FLDO� ,Q D
VHFRQG H[DPSOH >��@� ZH FRQVLGHU DJHQWV HQJDJHG LQ FRRSHUD�
WLYH VSHFWUXP VHQVLQJ RYHU FRJQLWLYH UDGLR QHWZRUNV� 7KHVH QHW�
ZRUNV LQYROYH WZR W\SHV RI XVHUV� SULPDU\ XVHUV DQG VHFRQGDU\
XVHUV� 6HFRQGDU\ XVHUV DUH DOORZHG WR GHWHFW DQG RFFXS\ WHP�
SRUDULO\ XQXVHG VSHFWUDO EDQGV SURYLGHG WKDW WKH\ GR QRW FDXVH
LQWHUIHUHQFH WR SULPDU\ XVHUV� 7KHUHIRUH� VHFRQGDU\ XVHUV QHHG
WR HVWLPDWH WKH DJJUHJDWHG VSHFWUXP WUDQVPLWWHG E\ DOO SULPDU\

��������; � ���� ,(((� 3HUVRQDO XVH LV SHUPLWWHG� EXW UHSXEOLFDWLRQ�UHGLVWULEXWLRQ UHTXLUHV ,((( SHUPLVVLRQ�
6HH KWWS���ZZZ�LHHH�RUJ�SXEOLFDWLRQVBVWDQGDUGV�SXEOLFDWLRQV�ULJKWV�LQGH[�KWPO IRU PRUH LQIRUPDWLRQ�
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XVHUV� DV ZHOO DV ORFDO LQWHUIHUHQFH SUR¿OHV� 7KLV PXOWLWDVN HV�
WLPDWLRQ SUREOHP UHTXLUHV FRRSHUDWLRQ EHWZHHQ QRGHV EHFDXVH
QRQFRRSHUDWLYH VWUDWHJLHV ZRXOG OHDG WR ORFDO VSHFWUDO SUR¿OHV
WKDW DUH VXEMHFW WR KLGGHQ QRGH HIIHFWV >��@� ,Q DQRWKHU H[DPSOH�
D QHWZRUN PD\ EH GHSOR\HG WR HVWLPDWH WKH VSDWLDOO\�YDU\LQJ
WHPSHUDWXUH SUR¿OH RYHU D FHUWDLQ UHJLRQ� ZKHUH WKH SDUDPH�
WHUV WKDW GHWHUPLQH KRZ WKH WHPSHUDWXUH YDULHV DFURVV WKH DJHQWV
PD\ EH VSDFH�GHSHQGHQW >��@� ,Q DQRWKHU H[DPSOH� WKH ZRUNV
>��@� >��@ GHVFULEH D PXOWLWDVN HVWLPDWLRQ DOJRULWKP RYHU D IXOO\
FRQQHFWHG EURDGFDVWLQJ QHWZRUN� 7KHVH ZRUNV DVVXPH WKDW WKH
QRGH�VSHFL¿F SDUDPHWHU YHFWRUV WR HVWLPDWH OLH LQ D FRPPRQ OD�
WHQW VLJQDO VXEVSDFH DQG H[SORLW WKLV SURSHUW\ WR FRPSUHVV LQ�
IRUPDWLRQ DQG UHGXFH FRPPXQLFDWLRQ FRVWV� $QRWKHU VFHQDULR LV
GHVFULEHG LQ >��@� >��@� ZKHUH LQFUHPHQWDO DQG GLIIXVLRQ VWUDWH�
JLHV DUH XVHG WR VROYH D GLVWULEXWHG HVWLPDWLRQ SUREOHP ZLWK
QRGHV WKDW VLPXOWDQHRXVO\ HVWLPDWH ORFDO DQG JOREDO SDUDPHWHUV�
,Q >��@� WKH SDUDPHWHU VSDFH LV GHFRPSRVHG LQWR WZR RUWKRJRQDO
VXEVSDFHV ZLWK RQH RI WKHP EHLQJ FRPPRQ WR DOO QRGHV�
,Q DOO WKHVH SUHYLRXV H[DPSOHV� LW LV DVVXPHG EHIRUHKDQG WKDW

WKH QRGHV KDYH VRPH SULRU NQRZOHGJH DERXW FOXVWHULQJ RU DERXW
WKH SDUDPHWHU VSDFH� VXFK DV ZKLFK DJHQWV EHORQJ WR D SDUWLF�
XODU FOXVWHU RU KRZ WKH SDUDPHWHU VSDFH LV VXEGLYLGHG� 7KH DLP
RI WKH FXUUHQW ZRUN LV GLIIHUHQW DQG GRHV QRW DVVXPH SULRU LQ�
IRUPDWLRQ DERXW WKH WDVNV RU FOXVWHUV� ,W WKHQ EHFRPHV FULWLFDO WR
DVVHVV WKH SHUIRUPDQFH OLPLWV RI GLIIXVLRQ VWUDWHJLHV ZKHQ XVHG�
NQRZLQJO\ RU XQNQRZLQJO\� LQ DQ PXOWLWDVN HQYLURQPHQW� 'XH
WR LQDFFXUDWH PRGHOLQJ� RU PLQRU GLIIHUHQFHV EHWZHHQ WDVNV QH�
JOHFWHG LQWHQWLRQDOO\� WKHUH PD\ EH VLWXDWLRQV LQ ZKLFK WKH GLI�
IXVLRQ /06 DOJRULWKP LV DSSOLHG WR PXOWLWDVN VFHQDULRV� :KHQ
WKHVH VLWXDWLRQV RFFXU� WKH GLVWULEXWHG LPSOHPHQWDWLRQ ZLOO OHDG
WR ELDVHG UHVXOWV WKDW PD\ EH DFFHSWDEOH GHSHQGLQJ RQ WKH DS�
SOLFDWLRQ DW KDQG� 7KLV ELDVHG VROXWLRQ PD\ VWLOO EH EHQH¿FLDO
FRPSDUHG WR SXUHO\ QRQ�FRRSHUDWLYH VWUDWHJLHV SURYLGHG WKDW WKH
ORFDO RSWLPXPV DUH VXI¿FLHQWO\ FORVH WR HDFK RWKHU�
7KHVH REVHUYDWLRQV PRWLYDWH XV WR H[DPLQH WKH SHUIRUPDQFH

RI WKH GLIIXVLRQ /06 VWUDWHJ\ ZKHQ LW LV UXQ� HLWKHU LQWHQWLRQDOO\
RU XQLQWHQWLRQDOO\� LQ D PXOWLWDVN HQYLURQPHQW� ,Q WKLV UHVSHFW�
ZH VKDOO DQDO\]H WKH SHUIRUPDQFH RI WKH GLIIXVLRQ /06 LQ
WHUPV RI LWV PHDQ ZHLJKW GHYLDWLRQ DQG PHDQ�VTXDUH HUURU LQ
WKH FDVH ZKHQ WKH VLQJOH�WDVN K\SRWKHVLV LV YLRODWHG� :H VKDOO
DOVR LGHQWLI\ DQG DQDO\]H WKH FRPSHWLQJ IDFWRUV WKDW LQÀXHQFH
WKH SHUIRUPDQFH RI GLIIXVLRQ /06 LQ WKH PXOWLWDVN HQYLURQ�
PHQW� DQG ZKLFK DOORZ WKLV DOJRULWKP WR FRQWLQXH WR GHOLYHU
SHUIRUPDQFH VXSHULRU WR QRQ�FRRSHUDWLYH VWUDWHJLHV LQ VRPH
XVHIXO FLUFXPVWDQFHV� :H VKDOO DOVR SURSRVH DQ XQVXSHUYLVHG
FOXVWHULQJ VWUDWHJ\ WKDW DOORZV HDFK QRGH WR VHOHFW� YLD DGDSWLYH
DGMXVWPHQWV RI FRPELQDWLRQ ZHLJKWV� WKH QHLJKERULQJ QRGHV
ZLWK ZKLFK LW VKRXOG FROODERUDWH WR LPSURYH LWV HVWLPDWLRQ
DFFXUDF\� ,Q WKH UHODWHG ZRUN >��@� ZH IRUPXODWHG WKH PXOWLWDVN
SUREOHP GLUHFWO\ RYHU QHWZRUNV ZLWK FRQQHFWHG FOXVWHUV RI
QRGHV� ,Q WKDW ZRUN� WKH FOXVWHUV DUH DVVXPHG WR EH NQRZQ
EHIRUHKDQG DQG QR FOXVWHULQJ LV SURSRVHG� :H WKHQ GHULYHG H[�
WHQGHG GLIIXVLRQ VWUDWHJLHV WKDW HQDEOH DGDSWDWLRQ DQG OHDUQLQJ
XQGHU WKHVH FRQGLWLRQV� ,Q WKH FXUUHQW ZRUN� RQ WKH RWKHU KDQG�
WKH FOXVWHUV DUH QRW DVVXPHG WR EH NQRZQ� ,W WKHQ EHFRPHV
QHFHVVDU\ WR H[DPLQH KRZ WKLV ODFN RI LQIRUPDWLRQ LQÀXHQFHV
SHUIRUPDQFH� ,W DOVR EHFRPHV QHFHVVDU\ WR HQGRZ WKH QRGHV
ZLWK WKH DELOLW\ WR LGHQWLI\ DQG IRUP DSSURSULDWH FOXVWHUV WR
HQKDQFH SHUIRUPDQFH� 2QH FOXVWHULQJ VWUDWHJ\ ZDV SURSRVHG LQ

WKH HDUOLHU ZRUN >��@� LWV SHUIRUPDQFH LV GHSHQGHQW RQ WKH LQLWLDO
FRQGLWLRQV XVHG E\ WKH QRGHV WR ODXQFK WKHLU DGDSWDWLRQ UXOHV�
,Q WKLV ZRUN� ZH SURSRVH D PRUH UREXVW FOXVWHULQJ VWUDWHJ\�
Notation: %ROGIDFH VPDOO OHWWHUV GHQRWH YHFWRUV� $OO YHFWRUV

DUH FROXPQ YHFWRUV� %ROGIDFH FDSLWDO OHWWHUV GHQRWH PDWULFHV�
7KH VXSHUVFULSW UHSUHVHQWV WKH WUDQVSRVH RI D PDWUL[ RU D
YHFWRU� 0DWUL[ WUDFH LV GHQRWHG E\ WUDFH � .URQHFNHU SURGXFW
LV GHQRWHG E\ � DQG H[SHFWDWLRQ LV GHQRWHG E\ � ,GHQWLW\
PDWUL[ RI VL]H LV GHQRWHG E\ � DQG WKH DOO�RQH YHFWRU
RI OHQJWK LV GHQRWHG E\ � :H GHQRWH E\ WKH VHW RI QRGH
LQGLFHV LQ WKH QHLJKERUKRRG RI QRGH � LQFOXGLQJ LWVHOI� DQG

LWV FDUGLQDOLW\� 7KH RSHUDWRU VWDFNV LWV YHFWRU DUJX�
PHQWV RQ WKH WRS RI HDFK RWKHU WR JHQHUDWH D FRQQHFWHG YHFWRU�
7KH RWKHU V\PEROV ZLOO EH GH¿QHG LQ WKH FRQWH[W ZKHUH WKH\ DUH
XVHG�
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A. Modeling Assumptions and Pareto Solution
:H FRQVLGHU D FRQQHFWHG QHWZRUN FRPSRVHG RI QRGHV� 7KH

SUREOHP LV WR HVWLPDWH XQNQRZQ YHFWRUV DW HDFK QRGH
IURP FROOHFWHG PHDVXUHPHQWV� 1RGH KDV DFFHVV WR WHPSRUDO

ZLGH�VHQVH VWDWLRQDU\ PHDVXUHPHQW VHTXHQFHV �
ZLWK GHQRWLQJ D VFDODU ]HUR�PHDQ UHIHUHQFH VLJQDO� DQG

DQ UHJUHVVLRQ YHFWRU ZLWK D SRVLWLYH GH¿QLWH FRYDUL�
DQFH PDWUL[ � 7KH GDWD DW QRGH
DUH DVVXPHG WR EH UHODWHG YLD WKH OLQHDU UHJUHVVLRQ PRGHO�

���

ZKHUH LV D ]HUR�PHDQ L�L�G� DGGLWLYH QRLVH DW QRGH
DQG WLPH � 1RLVH LV DVVXPHG WR EH LQGHSHQGHQW RI DQ\
RWKHU VLJQDOV DQG KDV YDULDQFH � /HW GHQRWH WKH
PHDQ�VTXDUH�HUURU FRVW DW QRGH � QDPHO\�

���

,W LV FOHDU IURP ��� WKDW HDFK LV PLQLPL]HG DW � 'H�
SHQGLQJ RQ ZKHWKHU WKH PLQLPD RI DOO WKH DUH DFKLHYHG
DW WKH VDPH ORFDWLRQ RU QRW� UHIHUUHG WR DV WDVNV� WKH GLVWULEXWHG
OHDUQLQJ SUREOHP FDQ EH VLQJOH�WDVN RU PXOWLWDVN RULHQWHG >��@�
,Q D VLQJOH�WDVN QHWZRUN� DOO QRGHV KDYH WR HVWLPDWH WKH VDPH

SDUDPHWHU YHFWRU � 7KDW LV� LQ WKLV FDVH ZH KDYH WKDW

���

'LIIXVLRQ /06 VWUDWHJLHV IRU WKH GLVWULEXWHG HVWLPDWLRQ RI
XQGHU WKLV VFHQDULR ZHUH GHULYHG LQ >�@� >��@� >��@� >��@ E\
VHHNLQJ WKH PLQLPL]HU RI WKH IROORZLQJ DJJUHJDWH FRVW IXQFWLRQ�

���

LQ D FRRSHUDWLYH PDQQHU LQ RUGHU WR LPSURYH HVWLPDWLRQ DFFX�
UDF\� ,Q D PXOWLWDVN QHWZRUN� RQ WKH RWKHU KDQG� HDFK QRGH QHHGV
WR GHWHUPLQH LWV RZQ SDUDPHWHU YHFWRU � ,Q >��@� ZH DVVXPH
WKDW WKH SDUDPHWHU YHFWRUV DW WZR FRQQHFWHG QRGHV DQG PD\
VDWLVI\ FHUWDLQ VLPLODULW\ SURSHUWLHV� VXFK DV EHLQJ FORVH WR HDFK
RWKHU LQ VRPH (XFOLGHDQ QRUP VHQVH� 1RGHV FDQ DOVR EH LQWHU�
HVWHG LQ VLPXOWDQHRXVO\ HVWLPDWLQJ VRPH SDUDPHWHUV RI ORFDO LQ�
WHUHVW DV ZHOO DV SDUDPHWHUV RI JOREDO LQWHUHVW >��@� >��@� &R�
RSHUDWLRQ EHWZHHQ WKHVH QRGHV FDQ WKHUHIRUH EH EHQH¿FLDO WR
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LQIHU DQG � $ SRVVLEOH ZD\ WR H[SORLW DQG PRGHO UHODWLRQ�
VKLSV DPRQJ WDVNV LV WR IRUPXODWH RSWLPL]DWLRQ SUREOHPV ZLWK
DSSURSULDWH FR�UHJXODUL]HUV >��@� $Q DOWHUQDWLYH LV WR EXLOG RQ WKH
SULQFLSOH WKDW WKH QRGH K\SRWKHVLV VSDFHV SDUWLDOO\ RYHUODS >��@�
>��@� 7KHVH IRUPXODWLRQV� KRZHYHU� UHTXLUH VRPH SULRU NQRZO�
HGJH DERXW KRZ WDVNV DUH UHODWHG WR HDFK RWKHU� ,Q WKLV ZRUN�
ZH GR QRW DVVXPH WKH DYDLODELOLW\ RI DQ\ SULRU LQIRUPDWLRQ� LQ
SDUWLFXODU� QRGHV GR QRW NQRZ ZKLFK RWKHU QRGHV VKDUH VLPLODU
REMHFWLYHV� 1RZ VLQFH HDFK FRVW IXQFWLRQ PD\ QRW EHPLQ�
LPL]HG DW WKH VDPH ORFDWLRQ� WKH PLQLPL]HU RI WKH DJJUHJDWH FRVW
��� FDQ EH VKRZQ WR FRUUHVSRQG WR D 3DUHWR RSWLPXP VROXWLRQ IRU
WKH PXOWL�REMHFWLYH RSWLPL]DWLRQ SUREOHP >��@� >��@� >��@� 'LI�
IXVLRQ /06 WKXV OHDGV WR D FRPSURPLVH IRU WKH HQWLUH QHWZRUN�
DQG ZH ZRXOG OLNH WR H[DPLQH KRZ LWV SHUIRUPDQFH LV DIIHFWHG
ZKHQ XVHG LQ D PXOWLWDVN VFHQDULR�

B. Diffusion LMS

7KH GLIIXVLRQ /06 DOJRULWKP ZDV RULJLQDOO\ GHVLJQHG IRU
PLQLPL]LQJ WKH FRVW IXQFWLRQ ��� LQ DQ DGDSWLYH DQG GLVWULEXWHG
PDQQHU >��@� >��@� >��@� >��@� /HW GHQRWH WKH HVWLPDWH RI
WKH PLQLPL]HU RI ��� DW QRGH DQG WLPH LQVWDQW � 7KH JHQHUDO
VWUXFWXUH RI WKH DOJRULWKP FRQVLVWV RI WKH IROORZLQJ VWHSV�

���

���
���

7KH QRQ�QHJDWLYH FRHI¿FLHQWV � DQG DUH WKH
�WK HQWULHV RI WZR OHIW�VWRFKDVWLF PDWULFHV� DQG � DQG

D ULJKW�VWRFKDVWLF PDWUL[ � WKDW LV�

���

DQG VDWLVI\
���

6HYHUDO DGDSWLYH VWUDWHJLHV FDQ EH REWDLQHG DV VSHFLDO FDVHV RI
���±��� WKURXJK DSSURSULDWH VHOHFWLRQV RI � DQG � )RU LQ�
VWDQFH� VHWWLQJ \LHOGV WKH VR�FDOOHG DGDSW�WKHQ�FRP�
ELQH �$7&� GLIIXVLRQ /06� 6HWWLQJ OHDGV WR WKH FRP�
ELQH�WKHQ�DGDSW �&7$� GLIIXVLRQ /06� %\ VHWWLQJ

� WKH DOJRULWKP GHJHQHUDWHV WR QRQ�FRRSHUDWLYH /06
WKDW ZLOO EH FRQVLGHUHG LQ WKH VHTXHO IRU FRPSDULVRQ SXUSRVHV�
:KHQ DSSO\LQJ $7& GLIIXVLRQ /06 ZLWKRXW JUDGLHQW LQIRU�

PDWLRQ H[FKDQJH� WKDW LV� ZLWK � WKH DJHQWV FRQYHUJH
WRZDUG WKH 3DUHWR RSWLPXP ZLWK D ELDV RI WKH RUGHU �
ZKHUH GHQRWHV WKH ODUJHVW VWHS�VL]H SDUDPHWHU DFURVV DOO
QRGHV >��@� ,Q WKLV SDSHU� UDWKHU WKDQ IRFXVLQJ RQ WKLV FRQYHU�
JHQFH SRLQW WKDW FDQ EH SHUFHLYHG DV D FRPSURPLVH� ZH VKDOO
VWXG\ DQDO\WLFDOO\ KRZ GLIIXVLRQ /06 ���±��� EHKDYHV LQ D
PXOWLWDVN HQYLURQPHQW LQ UHODWLRQ WR WKH RSWLPXP YHFWRUV �
0RUHRYHU� LQ RUGHU WR JHQHUDOL]H WKH DQDO\VLV� ZH VKDOO FRQVLGHU
GULIWLQJ RSWLPXPV DURXQG D ¿[HG YDOXH � QDPHO\�

����

ZKHUH LV D ]HUR�PHDQ UDQGRP SHUWXUEDWLRQ LQGHSHQGHQW RI
DQ\ RWKHU VLJQDO� ZLWK ]HUR�PHDQ DQG FRYDULDQFH PDWUL[ �
8QGHU ����� PRGHO ��� LV UHSODFHG E\

����

,,,� 3(5)250$1&( $1$/<6,6 2) ',))86,21 /06 )25
08/7,7$6. 1(7:25.6

:H FROOHFW WKH LQIRUPDWLRQ IURP DFURVV WKH QHWZRUN LQWR EORFN
YHFWRUV DQG PDWULFHV� ,Q SDUWLFXODU� ZH GHQRWH E\ � DQG

WKH EORFN ZHLJKW HVWLPDWH YHFWRU ����� WKH EORFN RSWLPXP
PHDQ ZHLJKW YHFWRU ����� DQG WKH LQVWDQWDQHRXV EORFN RSWLPXP
ZHLJKW YHFWRU ����� DOO RI VL]H � WKDW LV�

����
����
����

7KH ZHLJKW HUURU YHFWRU IRU HDFK QRGH DW LWHUDWLRQ LV
GH¿QHG E\

����

/HW
����

EH WKH ZHLJKW HUURU YHFWRU EHWZHHQ DQG WKH ¿[HG ZHLJKW
YHFWRU � 7KH IROORZLQJ UHODWLRQ KROGV

����

7KLV UHODWLRQ DOORZV XV WR GHULYH UHFXUVLRQV ZLWK UHVSHFW WR
� DQG WKHQ JHW EDFN WR � 7KH ZHLJKW HUURU YHFWRUV
DQG DUH DOVR VWDFNHG RQ WRS RI HDFK RWKHU WR JHW

WKH EORFN ZHLJKW HUURU YHFWRUV�

����
����

7R SHUIRUP WKH WKHRUHWLFDO DQDO\VLV� ZH LQWURGXFH WKH IROORZLQJ
LQGHSHQGHQFH DVVXPSWLRQ�
Assumption 1 (Independent Regressors): 7KH UHJUHVVLRQ YHF�

WRUV DULVH IURP D ]HUR�PHDQ UDQGRP SURFHVV WKDW LV WHP�
SRUDOO\ �RYHU � VWDWLRQDU\� ZKLWH� DQG LQGHSHQGHQW RYHU VSDFH
�RYHU � ZLWK �
$ GLUHFW FRQVHTXHQFH LV WKDW LV LQGHSHQGHQW RI

IRU DOO DQG � $OWKRXJK QRW WUXH LQ JHQHUDO� WKLV DVVXPS�
WLRQ LV FRPPRQO\ XVHG IRU DQDO\]LQJ DGDSWLYH FRQVWUXFWLRQV EH�
FDXVH LW DOORZV WR VLPSOLI\ WKH GHULYDWLRQ ZLWKRXW FRQVWUDLQLQJ
WKH FRQFOXVLRQV� 7KHUH DUH VHYHUDO UHVXOWV LQ WKH DGDSWDWLRQ OLWHU�
DWXUH WKDW VKRZ WKDW SHUIRUPDQFH UHVXOWV WKDW DUH REWDLQHG XQGHU
WKH DERYH LQGHSHQGHQFH DVVXPSWLRQV PDWFK ZHOO WKH DFWXDO SHU�
IRUPDQFH RI WKH DOJRULWKPV ZKHQ WKH VWHS�VL]HV DUH VXI¿FLHQWO\
VPDOO� �VHH� H�J�� >��� $SS� ���$@ DQG >��� &KV� ��±��@ DQG WKH
PDQ\ UHIHUHQFHV WKHUHLQ��

A. Mean Weight Behavior Analysis
6XEWUDFWLQJ RSWLPXP YHFWRUV IURP ERWK VLGHV RI WKH ¿UVW

VWHS RI GLIIXVLRQ /06� QDPHO\ ���� JLYHV

����
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'H¿QLQJ DQG XVLQJ �
H[SUHVVLRQ ���� FDQ EH H[SUHVVHG LQ EORFN�EDVHG IRUP�

����

1RWH WKDW WKH WHUP � ZKLFK GRHV QRW DSSHDU IRU
VLQJOH�WDVN QHWZRUNV� LV LQKHULWHG IURP WKH PXOWLWDVN FRQWH[W��
7KH HVWLPDWLRQ HUURU LQ WKH VHFRQG VWHS ��� RI GLIIXVLRQ /06
FDQ EH UHZULWWHQ DV

����

)RU VLQJOH�WDVN QHWZRUNV� LQ WKH DERYH H[SUHVVLRQ
UHGXFHV WR VLQFH IRU DOO � � ,Q WKH
PXOWLWDVN FRQWH[W� ZH FDQ HVWDEOLVK WKH IROORZLQJ UHODWLRQVKLS�

����

ZKHUH LV WKH GLIIHUHQFH EHWZHHQ WKH ¿[HG ZHLJKW YHFWRUV
DQG � ,QFRUSRUDWLQJ WKLV H[SUHVVLRQ LQWR ���� \LHOGV�

����

6XEWUDFWLQJ IURP ERWK VLGHV RI ��� DQG XVLQJ WKH DERYH UHOD�
WLRQ� ZH KDYH

����

/HW XV LQWURGXFH WKH IROORZLQJ EORFN GLDJRQDO PDWULFHV
ZLWK EORFNV RI VL]H �

����

����

DQG WKH IROORZLQJ YHFWRUV RI OHQJWK �

����

����

����

�,Q WKH VLQJOH�WDVN FRQWH[W� DQG VLQFH DOO QRGHV VKDUH WKH VDPH RSWLPXP� VD\
� ZH FDQ ZULWH � &RQVHTXHQWO\�

� ZKHUH WKH ODVW VWHS LV GXH WR WKH IDFW
WKDW LV OHIW�VWRFKDVWLF� 7KLV UHVXOW OHDGV WR �

8VLQJ WKH DERYH QRWDWLRQ DQG ���� DQG ����� WKH EORFN ZHLJKW
HUURU YHFWRU FDQ EH H[SUHVVHG DV

����

/HW � 7KH FRPELQDWLRQ VWHS ��� RI GLIIXVLRQ /06
OHDGV WR

����

6XEWUDFWLQJ IURP ERWK VLGHV RI ����� ZH JHW

����

$JDLQ� QRWH WKDW WKH WHUP GRHV QRW DSSHDU IRU
VLQJOH�WDVN QHWZRUNV DQG LV LQKHULWHG IURP WKH PXOWLWDVN FRQ�
WH[W� &RPELQLQJ ���� DQG ����� ZH REWDLQ WKH XSGDWH UHODWLRQ IRU

LQ D VLQJOH H[SUHVVLRQ DV IROORZV�

����

,Q RUGHU WR PDNH WKH SUHVHQWDWLRQ FOHDUHU� ZH XVH WKH IROORZLQJ
QRWDWLRQ IRU WHUPV LQ H[SUHVVLRQ �����

����
����

����

7KHQ� UHFXUVLRQ ���� FDQ EH UHZULWWHQ DV

����

7KH QRQ�]HUR GULYLQJ WHUP � DULVLQJ IURP WKH PXOWLWDVN VFH�
QDULR DQG WKH UDQGRP SHUWXUEDWLRQV � LQWURGXFHV D IXUWKHU
OHYHO RI FRPSOH[LW\ LQ WKH DOJRULWKP DQDO\VLV� HVSHFLDOO\ LQ WKH
PHDQ�VTXDUH HUURU EHKDYLRU RQH� 7KLV DQDO\VLV UHGXFHV WR WKH
WUDGLWLRQDO DQDO\VLV RI GLIIXVLRQ /06 E\ VHWWLQJ � /HW

EH WKH H[SHFWHG YDOXH RI JLYHQ E\

����

LQ WHUPV RI WKH QHLJKERUKRRG FRYDULDQFH PDWULFHV�

����

/HW EH WKH H[SHFWHG YDOXH � WKDW LV�

����
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7KH LQGHSHQGHQFH DVVXPSWLRQ �$VVXPSWLRQ ��� DQG WKH VWDWLV�
WLFDO SURSHUWLHV RI QRLVH DQG SHUWXUEDWLRQV � OHDG XV
WR WKH IROORZLQJ H[SHFWHG YDOXHV IRU � DQG �

����
����

����

ZKHUH � DQG GHQRWH WKH H[SHFWHG YDOXHV RI �
DQG � UHVSHFWLYHO\� 1RWH WKDW WKH H[SHFWHG YDOXH LV H[�
SUHVVHG DV EHFDXVH � 7DNLQJ WKH H[SHFWDWLRQ
RI ERWK VLGHV RI ����� DQG REVHUYLQJ WKDW DQG DUH
LQGHSHQGHQW XQGHU $VVXPSWLRQ �� ZH JHW

����

0RUHRYHU� ���� WHOOV XV WKDW

����

Theorem 1 (Stability in the Mean): $VVXPH GDWD PRGHO ���
DQG $VVXPSWLRQ � KROG� 7KHQ� IRU DQ\ LQLWLDO FRQGLWLRQ� WKH
GLIIXVLRQ /06 VWUDWHJ\ ���±��� DSSOLHG WR PXOWLWDVN QHWZRUNV
DV\PSWRWLFDOO\ FRQYHUJHV LQ WKH PHDQ LI WKH VWHS�VL]HV DUH
FKRVHQ WR VDWLVI\

����

ZKHUH GHQRWHV WKH PD[LPXP HLJHQYDOXH RI LWV PDWUL[
DUJXPHQW� ,Q WKDW FDVH� LW IROORZV IURP ���� WKDW WKH DV\PSWRWLF
PHDQ ELDV LV JLYHQ E\

����

Proof: 6LQFH WKH ODVW WZR WHUPV RQ WKH 5+6 RI ���� DUH
FRQVWDQW� WKH FRQYHUJHQFH RI WKLV UHFXUVLRQ UHTXLUHV WKDW WKH
PDWUL[ EH VWDEOH� $V VKRZQ LQ >��@� EHFDXVH DQG
DUH OHIW�VWRFKDVWLF� WKH VSHFWUDO QRUP RI LV
XSSHU ERXQGHG E\ WKH VSHFWUDO QRUP RI � 7KH IRUPHU
LV WKXV VWDEOH LI WKH ODWWHU LV VWDEOH� 7KLV \LHOGV FRQGLWLRQ ����
FRQVLGHULQJ WKDW LV D EORFN GLDJRQDO PDWUL[ RI WKH IRUP �����

,QVSHFWLQJ H[SUHVVLRQ ����� ZH REVHUYH WKDW WKH ELDV RI
GLIIXVLRQ /06 RULJLQDWHV IURP WKH PXOWLSOH ORFDO RSWLPXPV

DQG LQIRUPDWLRQ H[FKDQJH DPRQJ QHLJKERUV� 7KLV PHDQV
WKDW� HYHQ WKRXJK WKH DOJRULWKP FRQYHUJHV WRZDUG WKH 3DUHWR
RSWLPXP RYHU PXOWLWDVN QHWZRUNV >��@� WKH ELDV ���� FDQ EH
ODUJH LI WKH GLVWDQFH EHWZHHQ WKH LV ODUJH� DQG LI QRGHV
FRRSHUDWH WR HVWLPDWH WKHP�

B. Mean-Square Error Behavior Analysis
%\ $VVXPSWLRQ �� ����� DQG GH¿QLWLRQ ���� RI ZKHUH

LV D ]HUR�PHDQ QRLVH LQGHSHQGHQW RI DQ\ RWKHU VLJQDO� WKH
PHDQ�VTXDUH RI WKH ZHLJKW HUURU YHFWRU ZHLJKWHG E\

DQ\ SRVLWLYH VHPL�GH¿QLWH PDWUL[ VDWLV¿HV WKH IROORZLQJ UHOD�
WLRQ�

����

ZLWK � DQG � 7KH
IUHHGRP LQ VHOHFWLQJ ZLOO DOORZ XV WR GHULYH VHYHUDO SHUIRU�
PDQFH PHWULFV� /HW

����

ZKHUH � )RU WKH VDNH RI FODULW\� OHW XV LQWURGXFH

����

5HODWLRQ ���� FDQ WKHQ EH ZULWWHQ DV

����

/HW GHQRWH WKH RSHUDWRU WKDW VWDFNV WKH FROXPQV RI D PD�
WUL[ RQ WRS RI HDFK RWKHU� 9HFWRUL]LQJ ERWK PDWULFHV DQG E\

DQG � LW FDQ EH FKHFNHG WKDW

����

ZKHUH LV WKH PDWUL[ JLYHQ E\

����

:H FDQ UHZULWH DV � ZLWK DQ HUURU WHUP
WKDW GHSHQGV RQ WKH VTXDUH RI WKH �PD[LPXP� VWHS�VL]H HQWU\
�VHH >��� 6HFWLRQ ���@ DQG >��� &K� ��@�� ,W LV VXI¿FLHQW IRU WKH
H[SRVLWLRQ LQ WKLV ZRUN WR IRFXV RQ WKH FDVH RI VXI¿FLHQWO\ VPDOO
VWHS�VL]HV ZKHUH WHUPV LQYROYLQJ KLJKHU SRZHUV RI WKH VWHS�VL]HV
FDQ EH LJQRUHG� 7KHUHIRUH� ZH FRQWLQXH RXU GLVFXVVLRQ E\ OHWWLQJ

����

/HW XV QRZ H[DPLQH WKH WHUP � &RQVLGHU
¿UVW WKH ZHLJKWHG QRUP �

����

:H QRWH WKDW WKH VWRFKDVWLF FRPSRQHQWV LQ � DQG
GHSHQG RQ WKH VTXDUH RI WKH VWHS�VL]HV� :H FDQ ZULWH

����

/LNHZLVH� ZH FDQ ZULWH

����

%\ LJQRULQJ WKH KLJKHU�RUGHU WHUPV IRU VPDOO VWHS�VL]HV� ZH FDQ
FRQWLQXH WKH SUHVHQWDWLRQ E\ FRQVLGHULQJ�

����
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,Q WKLV ZD\� UHODWLRQ ���� FDQ EH DSSUR[LPDWHG DV IROORZV�

����

ZKHUH ZH DUH XVLQJ WKH QRWDWLRQ DQG LQWHUFKDQJHDEO\
WR UHIHU WR WKH VDPH VTXDUH ZHLJKWHG QRUP XVLQJ RU LWV YHFWRU
UHSUHVHQWDWLRQ�
Theorem 2 (Mean-Square Stability): $VVXPH PRGHO ��� DQG

$VVXPSWLRQ � KROG� $VVXPH WKDW WKH VWHS�VL]HV DUH VXI¿�
FLHQWO\ VPDOO VXFK WKDW FRQGLWLRQ ���� LV VDWLV¿HG DQG DSSUR[�
LPDWLRQV ���� DQG ���� DUH MXVWL¿HG E\ LJQRULQJ KLJKHU�RUGHU
SRZHUV RI � 7KHQ� WKH GLIIXVLRQ /06 VWUDWHJ\ ���±��� DS�
SOLHG RYHU PXOWLWDVN QHWZRUNV LV PHDQ�VTXDUH VWDEOH LI WKH PD�
WUL[ LV VWDEOH� 8QGHU DSSUR[LPDWLRQ ����� WKH VWDELOLW\ RI LV
JXDUDQWHHG IRU VXI¿FLHQWO\ VPDOO VWHS�VL]HV WKDW DOVR VDWLVI\ �����

Proof: ,WHUDWLQJ ���� VWDUWLQJ IURP � ZH ¿QG WKDW

����

ZLWK WKH LQLWLDO FRQGLWLRQ � 3URYLGHG WKDW PD�
WUL[ LV VWDEOH� WKH WHUPV RQ WKH 5+6 RI ���� FRQYHUJH HLWKHU WR
]HUR� RU WR ERXQGHG YDOXHV� 7KH DOJRULWKP LV WKHQ PHDQ�VTXDUH
VWDEOH IRU VXI¿FLHQWO\ VPDOO VWHS�VL]HV�
Corollary 1 (Transient MSD): &RQVLGHU VXI¿FLHQWO\ VPDOO

VWHS�VL]HV WKDW HQVXUHPHDQ DQGPHDQ�VTXDUH VWDELOLW\� DQG OHW
� 7KHQ� WKH PHDQ�VTXDUH GHYLDWLRQ �06'� OHDUQLQJ

FXUYH RI WKH GLIIXVLRQ /06 DOJRULWKP LQ D PXOWLWDVN HQYLURQ�
PHQW� GH¿QHG E\ � HYROYHV DFFRUGLQJ WR
WKH IROORZLQJ UHFXUVLRQ IRU

����

ZKHUH LV HYDOXDWHG DV IROORZV

����

����

ZLWK

Proof: &RPSDULQJ ���� DW LQVWDQWV DQG � ZH FDQ
UHODWH WR �

����

ZKHUH

����

:H FDQ WKHQ UHZULWH ����±���� DV ����±�����
Corollary 2 (Steady-state MSD): ,I WKH VWHS�VL]HV DUH VXI�

¿FLHQWO\ VPDOO WR HQVXUH PHDQ DQG PHDQ�VTXDUH�HUURU FRQYHU�
JHQFHV� WKHQ WKH VWHDG\�VWDWH 06' IRU GLIIXVLRQ /06 LQ D PXO�
WLWDVN HQYLURQPHQW LV JLYHQ E\

����

ZLWK GHWHUPLQHG E\ �����
Proof: 7KH VWHDG\�VWDWH 06' LV JLYHQ E\ WKH OLPLW

����

5HFXUVLRQ ���� ZLWK \LHOGV

����

,Q RUGHU WR XVH ���� LQ ����� ZH VHOHFW WR VDWLVI\�

����

7KLV OHDGV WR H[SUHVVLRQ �����
7KH WUDQVLHQW DQG VWHDG\�VWDWH 06' IRU DQ\ VLQJOH QRGH

FDQ EH REWDLQHG E\ VHWWLQJ
LQ &RUROODULHV � DQG �� ZLWK WKH LGHQWLW\ PDWUL[ DW WKH �WK
GLDJRQDO EORFN DQG WKH DOO�]HUR PDWUL[ DW WKH RWKHUV�
7KH VWHDG\�VWDWH 06' FDQ EH H[SUHVVHG LQ DQ DOWHUQDWLYH

IRUP� ZKLFK ZLOO IDFLOLWDWH WKH SHUIRUPDQFH DQDO\VLV� 6LQFH
LV VWDEOH ZKHQ WKH QHWZRUN LV PHDQ�VTXDUH VWDEOH� ZH FDQ ZULWH

����

&RQVLGHU QRZ WKH IROORZLQJ IRUPXOD LQYROYLQJ WKH WUDFH RI D
SURGXFW RI PDWULFHV DQG WKH .URQHFNHU SURGXFW >��@

����
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ZKHUH WR GHQRWH PDWULFHV ZLWK FRPSDWLEOH VL]HV� 8VLQJ
H[SDQVLRQ ���� ZLWK ����� WKH ¿UVW WHUP RQ WKH 5+6 RI ���� FDQ
EH H[SUHVVHG DV IROORZV

����

6LPLODUO\� WKH VHFRQG WHUP RQ WKH 5+6 RI ���� FDQ EH ZULWWHQ DV

����

)LQDOO\� ZH FDQ H[SUHVV WKH VWHDG\�VWDWH 06' ���� DV

����

,Q WKH VHTXHO� WKLV IRUPXODWLRQ ZLOO DOORZ XV WR FRPSDUH WKH SHU�
IRUPDQFH RI GLIIHUHQW DOJRULWKPV�

C. Performance Comparison With Non-Cooperative LMS

:H VKDOO QRZ FRPSDUH WKH SHUIRUPDQFH RI WKH $7& DQG
&7$ GLIIXVLRQ /06 DOJRULWKPV ZLWK WKH QRQ�FRRSHUDWLYH /06
VWUDWHJ\ ZKHQ DSSOLHG WR D PXOWLWDVN QHWZRUN� :H FRQVLGHU
WKH FDVH RI XQLIRUP VWHS�VL]HV� � IRU D PHDQLQJIXO
FRPSDULVRQ� 'LIIXVLRQ /06 GHJHQHUDWHV WR QRQ�FRRSHUDWLYH
/06 E\ VHWWLQJ

����

IURP ZKLFK WKH SHUIRUPDQFH RI WKH ODWWHU FDQ EH HDVLO\ GHULYHG�
,Q WKLV FDVH� PDWULFHV DQG UHGXFH WR

����
����

ZKHUH ZH XVH WKH VXEVFULSW /06 IRU FODULW\� 1RWH WKDW LQ WKLV
FDVH ZH KDYH � ,Q DGGLWLRQ� VLQFH DQG

� ZH KDYH � 7KLV LPSOLHV WKDW � 7KH
VWHDG\�VWDWH 06' IRU QRQ�FRRSHUDWLYH /06 LV WKHQ JLYHQ E\�

����

,W LV XVHIXO WR QRWH WKDW WKH PDWULFHV DQG IRU GLIIXVLRQ /06
FDQ EH H[SUHVVHG LQ WHUPV RI DQG �

����

ZLWK IRU WKH $7& GLIIXVLRQ VWUDWHJ\� DQG
IRU WKH &7$ GLIIXVLRQ VWUDWHJ\� 8VLQJ WKH VHULHV H[SDQVLRQV
IRU DQG � WKH GLIIHUHQFH EHWZHHQ WKH
06'V IRU QRQ�FRRSHUDWLYH /06 DQG GLIIXVLRQ /06 LV JLYHQ E\

����

1RWH WKDW WKH ¿UVW WHUP LV WKH GLIIHUHQFH LQ SHUIRUPDQFH EHWZHHQ
WKH QRQ�FRRSHUDWLYH /06 VWUDWHJ\ DQG WKH FRRSHUDWLYH GLIIXVLRQ
VWUDWHJ\� ,W ZDV ¿UVW DQDO\]HG LQ >��@ DQG� EHFDXVH LW LV QRW VSH�
FL¿F WR WKH PXOWLWDVN FRQWH[W� LW LV GHQRWHG E\ �
2QO\ WKH VHFRQG WHUP� ZKLFK GHSHQGV RQ � LV VSHFL¿F WR WKHPXO�
WLWDVN VFHQDULR� 7KXV� LW LV GHQRWHG E\ � 7KHUH�
IRUH�

����

,Q RUGHU WR REWDLQ DQDO\WLFDO UHVXOWV WKDW DOORZ VRPH XQGHU�
VWDQGLQJ RI WKH DOJRULWKP EHKDYLRU� ZH IXUWKHU DVVXPH WKDW
WKH PDWULFHV � DQG LQ WKH GLIIXVLRQ LPSOHPHQWDWLRQ
DUH GRXEO\ VWRFKDVWLF� DQG WKH UHJUHVVLRQ FRYDULDQFH PDWULFHV
DUH XQLIRUP DFURVV WKH DJHQWV� WKDW LV� � :LWK WKHVH
DVVXPSWLRQV� LW ZDV VKRZQ LQ >��� 6HF� �@ WKDW WKH ¿UVW WHUP

RQ WKH 5+6 RI ���� LV DOZD\V QRQQHJDWLYH�
QDPHO\�

����

:H QHHG WR FKHFN XQGHU ZKLFK FRQGLWLRQV WKH VHFRQG WHUP
RQ WKH 5+6 RI HTXDWLRQ ���� LV QRQQHJD�

WLYH VR WKDW LW FDQ EH YLHZHG DV D GHJUDGDWLRQ IDFWRU FDXVHG
E\ WKH PXOWLWDVN VFHQDULR� ,QWURGXFH WKH V\PPHWULF PDWUL[

� :H
¿QG WKDW

����

:H FRQFOXGH WKDW H[SUHVVLRQ ���� LV QRQ�QHJDWLYH IRU DOO LI� DQG
RQO\ LI� LV D V\PPHWULF SRVLWLYH VHPLGH¿QLWH
PDWUL[� 1RZ� ZH VKRZ WKDW WKLV FRQGLWLRQ LV PHW IRU D ODUJH FODVV
RI LQIRUPDWLRQ H[FKDQJH SURWRFROV� $VVXPH� IRU LQVWDQFH� WKDW
HLWKHU RU LV V\PPHWULF� GHSHQGLQJ RQ ZKHWKHU WKH IRFXV
LV RQ WKH &7$ RU $7& VWUDWHJ\� 5HFDOOLQJ FRQGLWLRQV

DQG IRU XQLIRUP GDWD SUR¿OH� LW WKHQ KROGV WKDW
LV D V\PPHWULF PDWUL[� ,W FDQ EH IXUWKHU YHUL¿HG WKDW

DQG DUH SRVLWLYH GH¿QLWH ZKHQ LV VWDEOH� 1RZ� ZH
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YHULI\ WKDW WKH SURGXFW LV D V\PPHWULF SRVLWLYH
VHPLGH¿QLWH PDWUL[�
Lemma 1 (Positivity of a Matrix Product): >��� )DFW �������@

*LYHQ WZR V\PPHWULF SRVLWLYH VHPLGH¿QLWH PDWULFHV DQG
ZLWK FRPSDWLEOH VL]HV� 7KHQ� LV V\PPHWULF SRVLWLYH

VHPLGH¿QLWH LI� DQG RQO\ LI� LV QRUPDO� WKDW LV� LI LW VDWLV�
¿HV� �
%\ VHWWLQJ DQG � REVHUYH

WKDW LV V\PPHWULF� ,W WKHQ KROGV WKDW
LV QRUPDO� %\ /HPPD �� LV D V\PPHWULF SRV�
LWLYH VHPLGH¿QLWH PDWUL[� ZKLFK PHDQV WKDW
LV QRQQHJDWLYH XQGHU WKH FRQGLWLRQV VSHFL¿HG DERYH� ,W IROORZV
WKDW WKLV WHUP FDQ EH YLHZHG DV D GHJUDGDWLRQ IDFWRU FDXVHG E\
WKH FRRSHUDWLRQ RI QRGHV SHUIRUPLQJ GLIIHUHQW HVWLPDWLRQ WDVNV�
ZKLFK FDQ EH H[SUHVVHG DV � :H VXPPDUL]H
WKH UHVXOWV LQ WKH IROORZLQJ VWDWHPHQW�
Theorem 3 (Non-Cooperative vs. Cooperative Strategies):

&RQVLGHU WKH VDPH VHWWLQJ RI 7KHRUHPV � DQG �� ZLWK WKH DGGL�
WLRQDO UHTXLUHPHQW WKDW WKH FRQGLWLRQV IRU D XQLIRUP GDWD SUR¿OH
KROG� 7KH DGDSWLYH $7& RU &7$ GLIIXVLRQ VWUDWHJLHV RXWSHUIRUP
WKH QRQ�FRRSHUDWLYH VWUDWHJ\ LI� DQG RQO\ LI�

����

*LYHQ GRXEO\ VWRFKDVWLF DQG � WKH JDLQ LQ
SHUIRUPDQFH EHWZHHQ WKH FRRSHUDWLYH GLIIXVLRQ VWUDWHJ\ DQG WKH
QRQ�FRRSHUDWLYH /06 VWUDWHJ\� ZKLFK LV LQGHSHQGHQW RI � LV
QRQQHJDWLYH� )XUWKHUPRUH� E\ DVVXPLQJ WKDW LV V\PPHWULF�
WKHQ WKH GHJUDGDWLRQ LQ SHUIRUPDQFH FDXVHG
E\ WKH PXOWLWDVN HQYLURQPHQW LV SRVLWLYH� ,W LV JLYHQ E\

����

ZKHUH �
$OWKRXJK FRQGLWLRQ ���� DOORZV WR GHWHUPLQH ZKHWKHU XVLQJ

WKH GLIIXVLRQ /06 LV EHQH¿FLDO IRU PXOWLWDVN OHDUQLQJ FRP�
SDUHG WR WKH QRQ�FRRSHUDWLYH /06 VWUDWHJ\� LW FDQQRW EH HDVLO\
H[SORLWHG WR HVWLPDWH DSSURSULDWH FRPELQDWLRQ FRHI¿FLHQWV
EHFDXVH RI LWV FRPSOH[LW\ DQG WKH QHHG WR KDQGOH G\QDPLF
SUREOHPV� 7KH DLP RI WKH QH[W VHFWLRQ LV WR GHULYH DQ HI¿FLHQW
VWUDWHJ\ WR HVWLPDWH WKHVH FRHI¿FLHQWV�

,9� 12'( &/867(5,1* 9,$ &20%,1$7,210$75,; 6(/(&7,21

:H QRZ GHULYH D FOXVWHULQJ VWUDWHJ\ ZKHUH HDFK QRGH FDQ
DGMXVW WKH FRPELQDWLRQ ZHLJKWV LQ DQ RQOLQH PDQQHU� IRU

� LQ RUGHU WR DGDSW WR PXOWLWDVN HQYLURQPHQWV� ,W LV VXI¿FLHQW
WR IRFXV RQ WKH DGDSW�WKHQ�FRPELQH GLIIXVLRQ /06 GH¿QHG E\
VWHSV ��� DQG ���� )RU HDVH RI SUHVHQWDWLRQ� WKH FRUUHVSRQGLQJ
DOJRULWKP LV VXPPDUL]HG EHORZ�

����
ZKHUH LV XVHG LQVWHDG RI � $V VKRZQ LQ WKH SUHYLRXV
VHFWLRQ� UXQQLQJ ���� LQ D PXOWLWDVN HQYLURQPHQW OHDGV WR ELDVHG
UHVXOWV� :H QRZ GLVFXVV KRZ WR FOXVWHU QRGHV LQ RUGHU WR UHGXFH
WKLV HIIHFW�

A. Clustering via Matrix Adjustments

)ROORZLQJ >��@� ZH VXJJHVW WR DGMXVW PDWUL[ LQ DQ RQOLQH
PDQQHU YLD 06' RSWLPL]DWLRQ� $W HDFK LQVWDQW � WKH LQVWDQWD�
QHRXV 06' DW QRGH LV JLYHQ E\

����

&RPSXWDWLRQ RI WKLV TXDQWLW\ UHTXLUHV WKH NQRZOHGJH RI � %H�
FDXVH WKH PDWUL[ LV DVVXPHG OHIW�VWRFKDVWLF� WKLV H[SUHVVLRQ
FDQ EH UHZULWWHQ DV

����

/HW EH WKH PDWUL[ DW HDFK QRGH ZLWK �WK HQWU\ GH¿QHG
DV

�

RWKHUZLVH
����

/HW � 0LQLPL]LQJ ���� IRU QRGH DW WLPH
� VXEMHFW WR OHIW�VWRFKDVWLFLW\ RI DQG IRU � FDQ

EH IRUPXODWHG DV IROORZV�

����

*HQHUDOO\� LW LV QRW SRVVLEOH WR VROYH WKLV SUREOHP DW HDFK QRGH
VLQFH DQG DUH XQNQRZQ� :H VXJJHVW WR XVH DQ DSSUR[�

LPDWLRQ IRU � WR DSSUR[LPDWH PDWUL[ E\ DQ LQVWDQWDQHRXV
YDOXH� DQG WR GURS LWV RII�GLDJRQDO HQWULHV LQ RUGHU WR PDNH WKH
SUREOHP WUDFWDEOH DQG KDYH D FORVHG�IRUP VROXWLRQ �VHH ������
7KH UHVXOWLQJ SUREOHP LV DV IROORZV�

����

ZLWK VRPH DSSUR[LPDWLRQ IRU � 7KH REMHFWLYH IXQFWLRQ
VKRZQ DERYH KDV WKH QDWXUDO LQWHUSUHWDWLRQ RI SHQDOL]LQJ WKH
FRPELQDWLRQ ZHLJKW DVVLJQHG E\ QRGH WR QRGH LI WKH ORFDO
HVWLPDWH DW QRGH LV IDU IURP WKH REMHFWLYH DW QRGH � 7KH VROX�
WLRQ WR WKLV SUREOHP LV JLYHQ E\�

����

�7R DFKLHYH WKLV UHVXOW� GLVFDUG WKH QRQ�QHJDWLYLW\ FRQVWUDLQW ¿UVW� DQG ZULWH
WKH /DJUDQJLDQ IXQFWLRQ ZLWK UHVSHFW WR WKH HTXDOLW\ FRQVWUDLQW RQO\� 7KH VR�
OXWLRQ WR WKLV VLPSOL¿HG SUREOHP LV JLYHQ E\ ����� 2EVHUYH WKDW LW VDWLV¿HV WKH
QRQ�QHJDWLYLW\ FRQVWUDLQW � &RQVHTXHQWO\� ���� LV DOVR WKH VROXWLRQ WR
SUREOHP �����
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/HW XV QRZ FRQVWUXFW DQ DSSUR[LPDWLRQ IRU WR EH XVHG LQ �����
,Q RUGHU WR UHGXFH WKH 06' ELDV WKDW UHVXOWV IURP WKH FRRSHUD�
WLRQ RI QRGHV SHUIRUPLQJ GLVWLQFW HVWLPDWLRQ WDVNV� RQH VWUDWHJ\
LV WR XVH WKH ORFDO RQH�VWHS DSSUR[LPDWLRQ�

����

6LQFH WKH WUXH JUDGLHQW RI DW LV QRW DYDLODEOH
LQ DQ DGDSWLYH LPSOHPHQWDWLRQ� ZH FDQ DSSUR[LPDWH LW E\ XVLQJ
WKH LQVWDQWDQHRXV YDOXH ZLWK

� 7KLV \LHOGV WKH IROORZLQJ DSSUR[L�
PDWLRQ�

����

6XEVWLWXWLQJ WKLV H[SUHVVLRQ LQWR ����� ZH JHW WKH FRPELQDWLRQ
UXOH

����

7KLV UXOH DGPLWV D XVHIXO LQWHUSUHWDWLRQ� 2Q WKH RQH KDQG� DV
PHQWLRQHG DERYH� LW UHOLHV RQ WKH ORFDO HVWLPDWH ���� LQ RUGHU WR
UHGXFH WKH 06' ELDV HIIHFW FDXVHG E\ WKH FRRSHUDWLRQ RI QHLJK�
ERULQJ QRGHV HVWLPDWLQJ GLVWLQFW SDUDPHWHU YHFWRUV� 2Q WKH RWKHU
KDQG� FRQVLGHU WKH LQYHUVH RI WKH QXPHUDWRU RI UXOH �����

����

7KH ¿UVW WHUP RQ WKH 5+6 DFFRXQWV
IRU WKH GLVWDQFH RI WKH FXUUHQW HVWLPDWHV EHWZHHQ QRGHV DQG
� WKLV WHUP WHQGV WR GHFUHDVH WKH FRPELQDWLRQ ZHLJKW
LI WKLV GLVWDQFH LV ODUJH� DQG WR OLPLW LQIRUPDWLRQ H[FKDQJH�

1RZ� FRQVLGHU WKH ¿UVW�RUGHU 7D\ORU VHULHV H[SDQVLRQ RI
DW �

����

7KH VHFRQG WHUP RQ WKH
5+6 RI ���� LV SURSRUWLRQDO WR

� 7KLV WHUP DOVR WHQGV WR GHFUHDVH WKH FRPELQDWLRQ ZHLJKW
LI � ,QGHHG� LQ

WKLV FDVH� LW LV QRW UHFRPPHQGHG WR SURPRWH WKH FRPELQDWLRQ RI
PRGHOV DQG EHFDXVH WKH ODWWHU LQGXFHV DQ
LQFUHDVH RI WKH FRVW IXQFWLRQ� )LQDOO\� LV WKH VDPH
IRU DOO � 7R VXPPDUL]H WKLV GLVFXVVLRQ� WKH FRPELQD�
WLRQ UXOH ���� FRQVLGHUV WKH FORVHQHVV RI WKH ORFDO HVWLPDWH WR
WKH QHLJKERULQJ HVWLPDWHV� DQG WKH ORFDO VORSH RI WKH FRVW IXQF�
WLRQ� WR DGMXVW WKH FRPELQDWLRQ ZHLJKWV� 7KLV WHQGV WR SURPRWH
LQIRUPDWLRQ H[FKDQJH EHWZHHQ QRGHV WKDW HVWLPDWH WKH VDPH RS�
WLPXP SDUDPHWHU YHFWRU� DQG WKXV WR UHGXFH WKH 06' ELDV DQG
LPSURYH WKH HVWLPDWLRQ DFFXUDF\�

)LJ� �� �D� 1HWZRUN VWXGLHG LQ 6HFWLRQ 9�$� ZLWK � QRGHV� �E� ,QSXW VLJQDO DQG
QRLVH YDULDQFHV IRU HDFK VHQVRU QRGH� �D� 1HWZRUN WRSRORJ\� �E� ,QSXW YDULDQFHV
�WRS� DQG QRLVH YDULDQFHV �ERWWRP��

$OJRULWKP �� $7& 'LIIXVLRQ /06 :LWK $GDSWLYH &OXVWHULQJ
IRU 0XOWLWDVN 3UREOHPV

,QLWLDOL]DWLRQ�6HW DQG �

6HW IRU DOO �

$OJRULWKP� $W HDFK WLPH LQVWDQW � DQG IRU HDFK QRGH
� XSGDWH �

�����

8SGDWH WKH FRPELQDWLRQ FRHI¿FLHQWV�

2SWLRQDO� QRUPDOL]H � L�H�� XVH

�����

2SWLRQDO�

&RPELQH ZHLJKWV�

�����

Algorithm
7KH ÀH[LELOLW\ RI PXOWLWDVN QHWZRUNV PD\ EH H[SORLWHG E\

FRQVLGHULQJ GLVWLQFW FRVW IXQFWLRQV IRU HDFK QRGH� 7KLV UDLVHV WKH
LVVXH RI VKDULQJ LQIRUPDWLRQ YLD WKH H[FKDQJH PDWUL[ � ZKLFK
FDQ EH VLPSO\ VHW WR WKH LGHQWLW\� +RZHYHU� WKH WLPH�YDULDQW FRP�
ELQDWLRQ PDWUL[ GHWHUPLQHG E\ ���� GHVFULEHV KRZ HDFK
DJHQW FRPELQHV WKH SDUDPHWHU YHFWRUV WUDQVPLWWHG E\ LWV QHLJK�
ERUV DV D IXQFWLRQ RI WKH HVWLPDWHG FRQWUDVW EHWZHHQ WDVNV� $Q
DGGLWLRQDO ZD\ WR H[SORLW WKLV LQIRUPDWLRQ LV WKDW HDFK DJHQW XVHV
WKH UHFLSURFLW\ SULQFLSOH GH¿QHG E\

����
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)LJ� �� 1RGH FRHI¿FLHQWV FHQWHUHG DW ZLWK � � DQG �IURP OHIW WR ULJKW��

)LJ� �� 1HWZRUN 06' EHKDYLRU IRU WKH GHWHUPLQLVWLF FDVH� 7KHRUHWLFDO 06'
FXUYHV ZHUH REWDLQHG E\ &RUROODU\ � DQG VWHDG\�VWDWH06' YDOXHV ZHUH REWDLQHG
E\ &RUROODU\ �� 6LPXODWHG DQG WKHRUHWLFDO WUDQVLHQW 06' FXUYHV DUH SHUIHFWO\
VXSHULPSRVHG�

7KH UDWLRQDOH XQGHUO\LQJ WKLV SULQFLSOH LV WKDW WKH PDJQLWXGH RI
UHÀHFWV WKH VLPLODULW\ RI WKH HVWLPDWLRQ WDVNV SHUIRUPHG E\

QRGHV DQG � DV LW LV SHUFHLYHG E\ QRGH � ,W LV UHDVRQDEOH
WKDW QRGH VKRXOG XVH WKLV LQIRUPDWLRQ� DQG VFDOH WKH ORFDO FRVW
IXQFWLRQ DFFRUGLQJO\� 7KH VPDOOHU LV� WKH VPDOOHU VKRXOG
EH EHFDXVH QRGHV DQG GR QRW DGGUHVV WKH VDPH HVWLPDWLRQ
SUREOHP� 2WKHU VWUDWHJLHV� LQ WKH VSLULW RI ����� PD\ EH FRQVLG�
HUHG WR HVWLPDWH WKH FRHI¿FLHQWV � 0RUHRYHU� ZH IRXQG WKDW
XVLQJ WKH QRUPDOL]HG JUDGLHQW � ZLWK D
VPDOO SRVLWLYH QXPEHU WR DYRLG GLYLVLRQ E\ ]HUR� SUHYHQWV SUH�
PDWXUH FRQYHUJHQFH GXH WR RYHU�FRUUHFWLRQV� 7KH $7& GLIIXVLRQ
DOJRULWKP ZLWK DGDSWLYH FOXVWHULQJ GH¿QHG E\ WLPH�YDULDQW FRP�
ELQDWLRQ PDWULFHV DQG LV VXPPDUL]HG LQ $OJRULWKP
�� &RQVLGHULQJ WKDW QR SULRU LQIRUPDWLRQ RQ FOXVWHUV LV DYDLO�
DEOH� ZH VXJJHVW WR LQLWLDOL]H WKH FRPELQDWLRQ PDWULFHV DQG

ZLWK � 'XULQJ VLPXODWLRQV� ZH GLG QRW H[SHULHQFH FRQ�
YHUJHQFH LVVXHV ZLWK RWKHU LQLWLDO VHWWLQJV� SURYLGHG WKDW
DQG DUH OHIW�VWRFKDVWLF DQG ULJKW�VWRFKDVWLF� UHVSHFWLYHO\�
)XUWKHU DQDO\VLV FDQ KHOS JXLGH PRUH LQIRUPHG FKRLFHV IRU WKH
FRPELQDWLRQ SROLFLHV�

9� 6,08/$7,216

,Q WKLV VHFWLRQ� ZH UHSRUW VLPXODWLRQ UHVXOWV WKDW YDOLGDWH WKH
DOJRULWKP DQG WKH WKHRUHWLFDO UHVXOWV� 7KH $7& GLIIXVLRQ /06
DOJRULWKP LV FRQVLGHUHG� $OO QRGHV ZHUH LQLWLDOL]HG ZLWK ]HUR
SDUDPHWHU YHFWRUV � $OO VLPXODWHG FXUYHV ZHUH REWDLQHG

E\ DYHUDJLQJ RYHU ��� UXQV� VLQFH WKLV JDYH VXI¿FLHQWO\ VPRRWK
FXUYHV WR FKHFN FRQVLVWHQF\ ZLWK WKHRUHWLFDO UHVXOWV��

A. Model Validation
)RU WKH YDOLGDWLRQ� ZH FRQVLGHU D QHWZRUN FRQVLVWLQJ RI �

QRGHV ZLWK LQWHUFRQQHFWLRQV VKRZQ LQ )LJ� ��D�� 7KH SDUDPHWHU
YHFWRUV WR EH HVWLPDWHG DUH RI OHQJWK � 7KH RSWLPXP PHDQ
YHFWRUV DUH XQLIRUPO\ GLVWULEXWHG RQ D FLUFOH RI UDGLXV FHQWHUHG
DW � WKDW LV�

�����

7KH UHJUHVVLRQ LQSXWV ZHUH ]HUR�PHDQ � � UDQGRP
YHFWRUV JRYHUQHG E\ D *DXVVLDQ GLVWULEXWLRQ ZLWK FRYDULDQFH
PDWULFHV � 7KH EDFNJURXQG QRLVHV ZHUH
L�L�G� ]HUR�PHDQ *DXVVLDQ UDQGRP YDULDEOHV� DQG LQGHSHQGHQW
RI DQ\ RWKHU VLJQDO� 7KH YDULDQFHV DQG DUH GHSLFWHG LQ
)LJ� ��E�� :H FRQVLGHUHG WKH $7& GLIIXVLRQ /06 ZLWK PHDVXUH�
PHQW GLIIXVLRQ JRYHUQHG E\ D XQLIRUP PDWUL[ VXFK WKDW

IRU DOO � 7KH FRPELQDWLRQ PDWUL[ VLPSO\ DYHU�
DJHG WKH HVWLPDWHV IURP WKH QHLJKERUV� QDPHO\�
IRU � )RU DOO QRGHV� WKH VWHS�VL]HV ZHUH VHW WR �
1) Stationary Optimums: :H ¿UVW FKHFN WKH FRQYHUJHQFH

DQDO\VLV ZLWK VWDWLRQDU\ SDUDPHWHU YHFWRUV� WKDW LV�
IRU DOO QRGHV� )RXU JURXSV RI FRHI¿FLHQW YHFWRUV� FHQWHUHG DW

ZLWK � � DQG
ZHUH FRQVLGHUHG� DV LOOXVWUDWHG LQ )LJ� �� 1RWH WKDW WKH FDVH
FRUUHVSRQGV WR WKH VLQJOH�WDVN QHWZRUN ZKHUH IRU HDFK
QRGH� 5XQQLQJ $7& GLIIXVLRQ /06 ZLWK WKHVH IRXU VHWWLQJV� ZH
REWDLQHG WKH 06' FXUYHV VKRZQ LQ )LJ� �� 2EVHUYH WKDW WKH WKH�
RUHWLFDO DQG VLPXODWHG WUDQVLHQW 06' FXUYHV DUH DFFXUDWHO\ VX�
SHULPSRVHG� 7KH QRQ�FRRSHUDWLYH /06 DOJRULWKP ZDV DOVR FRQ�
VLGHUHG� 6LQFH WKH DYHUDJH VWHDG\�VWDWH 06' RI WKH QRQ�FRRSHU�
DWLYH /06 DOJRULWKP RYHU DOO QRGHV LV DSSUR[LPDWHO\ JLYHQ E\
>��@� >��@�

�����

WKHQ WKH 06' EHKDYLRU ZLWK WKH GLIIHUHQW VHWWLQJV LV DOPRVW WKH
VDPH� SURYLGHG WKH RWKHU SDUDPHWHUV UHPDLQ XQFKDQJHG� &RQ�
VHTXHQWO\� WKH WKHRUHWLFDO 06' FXUYH IRU WKH QRQ�FRRSHUDWLYH
/06 DOJRULWKP LV RQO\ SURYLGHG IRU � ,W FDQ EH REVHUYHG
WKDW GLIIXVLRQ /06 FDQ VWLOO EH DGYDQWDJHRXV RYHU QRQ�FRRS�
HUDWLYH /06 LI WKH GLIIHUHQFHV EHWZHHQ ORFDO RSWLPXP ZHLJKW

�0DWODE VRXUFH FRGH LV DYDLODEOH DW KWWS���ZZZ�MLH�FKHQ�FRP�
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)LJ� �� 1HWZRUN 06' EHKDYLRU IRU WKH SHUWXUEDWLRQ�RQO\ FDVH� 7KHRUHWLFDO
06' FXUYHV ZHUH REWDLQHG E\ &RUROODU\ � DQG VWHDG\�VWDWH 06' YDOXHV ZHUH
REWDLQHG E\ &RUROODU\ �� 1RWH WKDW VLPXODWHG DQG WKHRUHWLFDO WUDQVLHQW 06'
FXUYHV DUH VXSHULPSRVHG�

)LJ� �� 1HWZRUN 06' EHKDYLRU IRU FRUUHODWHG LQSXWV� 7KHRUHWLFDO 06' FXUYHV
ZHUH REWDLQHG E\ &RUROODU\ � DQG VWHDG\�VWDWH 06' YDOXHV ZHUH REWDLQHG E\
&RUROODU\ �� 6LPXODWHG FXUYHV DQG WKHRUHWLFDO FXUYHV DUH DFFXUDWHO\ VXSHULP�
SRVHG�

YHFWRUV DUH VXI¿FLHQWO\ VPDOO� DQG LQ WKLV VLPX�
ODWLRQ� +RZHYHU� ZKHQ WKH FRQWUDVW EHWZHHQ WKH WDVNV LQFUHDVHV�
GLIIXVLRQ /06 SURYLGHV ORZHU SHUIRUPDQFH WKDQ QRQ�FRRSHUD�
WLYH /06 GXH WR WKH ELDV LQWURGXFHG E\ WKH DOJRULWKP�
DQG LQ WKLV VLPXODWLRQ�
2) Randomly Perturbed Optimums: :H QRZ FRQVLGHU WKH

QHWZRUN GHVFULEHG SUHYLRXVO\ ZLWK VR WKDW WKH GLIIHU�
HQFHV EHWZHHQ WKH RSWLPXP ZHLJKW YHFWRUV DULVH IURP
WKH UDQGRP SHUWXUEDWLRQV � .HHSLQJ DOO WKH RWKHU SDUDP�
HWHUV XQFKDQJHG� WKH YDULDQFH RI WKHVH SHUWXUEDWLRQV ZDV VXF�
FHVVLYHO\ VHW WR � ����� ���� DQG ��� IRU DOO WKH DJHQWV�
06' FXUYHV IRU GLIIXVLRQ /06 DQG QRQ�FRRSHUDWLYH /06 DUH
SURYLGHG LQ )LJ� �� ,W FDQ EH REVHUYHG WKDW GLIIXVLRQ /06 DOZD\V
RXWSHUIRUPHG LWV QRQ�FRRSHUDWLYH FRXQWHUSDUW� 7KLV H[SHULPHQW
VKRZV WKH DGYDQWDJH SURYLGHG E\ FRRSHUDWLRQ� 7KH UHODWLYH SHU�
IRUPDQFH JDLQ EHFRPHV VPDOOHU DV LQFUHDVHV EHFDXVH ZHLJKW
ODJV FDXVHG E\ UDQGRP SHUWXUEDWLRQV GRPLQDWH WKH HVWLPDWLRQ
HUURU�

)LJ� �� 1HWZRUN WRSRORJ\ LQ 6HFWLRQ 9�%� DQG DVVRFLDWHG LQSXW YDULDQFHV DQG
QRLVH YDULDQFHV� �D� 1HWZRUN WRSRORJ\ �E� ,QSXW YDULDQFHV �WRS� DQG QRLVH YDUL�
DQFHV �ERWWRP��

)LJ� �� 1HWZRUN 06' FRPSDULVRQ LQ D VWDWLRQDU\ PXOWLWDVN HQYLURQPHQW� DQG
HVWLPDWHG FOXVWHU VWUXFWXUH E\ WKH SURSRVHG DOJRULWKP �DYHUDJHG RYHU WKH ODVW
��� LQVWDQWV LQ RQH UHDOL]DWLRQ�� 7KH ZHLJKW LWHUDWHV IRU >��@ ZHUH LQLWLDOL]HG
DW WKH VDPH YDOXH� ,I UDQGRP ZHOO�VHSDUDWHG LQLWLDO FRQGLWLRQV DUH XVHG DFURVV
WKH QRGHV� WKHQ WKH SHUIRUPDQFH RI >��@ EHFRPHV VLPLODU WR WKDW RI WKH QRQ�
FRRSHUDWLYH VROXWLRQ LQ WKH DERYH SORW� �D� 06' EHKDYLRU� �E� (VWLPDWHG FOXVWHU
VWUXFWXUH�

3) Correlated in Time Inputs: 7KLV VLPXODWLRQ H[DPSOH LOOXV�
WUDWHV WKH DFFXUDF\ RI PRGHOV ����±���� IRU LQSXWV FRUUHODWHG LQ
WLPH� :H FRQVLGHUHG UHJUHVVLRQ YHFWRUV

�����

ZLWK D ¿UVW�RUGHU $5 PRGHO JLYHQ E\

�����
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)LJ� �� (YROXWLRQ RI FOXVWHU VWUXFWXUHV RI WKH QHWZRUN �� FOXVWHU FOXVWHUV FOXVWHUV FOXVWHU��

7KH SDUDPHWHUV ZHUH VHW DV LQ )LJ� ��E�� 7KH QRLVH
ZDV L�L�G� DQG GUDZQ IURP D ]HUR�PHDQ *DXVVLDQ GLVWULEXWLRQ
ZLWK YDULDQFH � VR WKDW

7KH GLIIXVLRQ /06 DOJRULWKP ZDV WHVWHG LQ WKH IROORZLQJ H[SHU�
LPHQWDO VHWWLQJV�

�����

$OWKRXJK $VVXPSWLRQ � LV QRW YDOLG� REVHUYH LQ )LJ� � WKDW WKH
WKHRUHWLFDO DQG VLPXODWHG WUDQVLHQW 06' FXUYHV DUH VXSHULP�
SRVHG� 7KLV LOOXVWUDWHV WKH DFFXUDF\ RI WKH DQDO\VLV ZKHQ WKH
VWHS�VL]HV DUH VXI¿FLHQWO\ VPDOO�

B. Adaptive Clustering in Multitask Networks
:H VKDOO QRZ LOOXVWUDWH WKH SHUIRUPDQFH RI GLIIXVLRQ /06

ZLWK DGDSWLYH FOXVWHULQJ LQ D PXOWLWDVN HQYLURQPHQW� 2XU DS�
SURDFK LV FRPSDUHG ZLWK WKH VWUDWHJ\ LQWURGXFHG LQ >��@� )RU
WKH ODWWHU� DV VXJJHVWHG LQ >��@� WKH VR�FDOOHG VPRRWKLQJ IDFWRU
ZDV VHW WR ���� $ VWDWLRQDU\ SUREOHP LV ¿UVW FRQVLGHUHG� 1H[W�

D G\QDPLF SUREOHP ZLWK WLPH�YDU\LQJ FOXVWHUV LV LQWURGXFHG LQ
RUGHU WR FRQ¿UP WKH UHOLDELOLW\ RI RXU DSSURDFK�
1) Stationary Environment: &RQVLGHU WKH QHWZRUN RI ��

DJHQWV GHSLFWHG LQ )LJ� ��D�� 7KH UHJUHVVLRQ LQSXWV ZHUH
]HUR�PHDQ � � UDQGRP YHFWRUV JRYHUQHG E\ D *DXVVLDQ
GLVWULEXWLRQ ZLWK FRYDULDQFH PDWULFHV � 7KH
EDFNJURXQG QRLVHV ZHUH L�L�G� ]HUR�PHDQ *DXVVLDQ
UDQGRP YDULDEOHV� LQGHSHQGHQW RI DQ\ RWKHU VLJQDOV� 7KH YDUL�
DQFHV DQG DUH GHSLFWHG LQ )LJ� ��E�� 7KH VFHQDULR
XQGHU VWXG\ LV D PXOWLWDVN SUREOHP ZLWK D FOXVWHU VWUXFWXUH�
1RGHV � WR � EHORQJ WR WKH ¿UVW FOXVWHU� 1RGHV � WR � DUH LQ WKH
VHFRQG FOXVWHU� 1RGHV �� WR �� FRPSRVH WKH WKLUG FOXVWHU� DQG
QRGHV �� DQG �� DUH LQ WKH IRXUWK FOXVWHU� 7KH SDUDPHWHU YHFWRUV
WR EH HVWLPDWHG DUH DV IROORZV�

&OXVWHU �
&OXVWHU �
&OXVWHU �
&OXVWHU ��

�����

1RWH WKDW WKH GLVWDQFHV EHWZHHQ WKH RSWLPXP SDUDPHWHU YHFWRUV
IRU FOXVWHUV �� � DQG � DUH PXFK VPDOOHU WKDQ WKRVH ZLWK UHVSHFW
WR FOXVWHU �� ZKLFK DFWV DV DQ RXWOLHU� 7KH IROORZLQJ DOJRULWKPV
ZHUH FRQVLGHUHG IRU HVWLPDWLQJ WKH IRXU RSWLPXP SDUDPHWHU YHF�
WRUV� �� GLIIXVLRQ /06 ZLWK D XQLIRUP FRPELQDWLRQ PDWUL[ �

)LJ� �� (YROXWLRQ RI FOXVWHUV RYHU WLPH� &RORUV DQG PDUNHUV DUH FRQVLVWHQW ZLWK
WKRVH RI FOXVWHUV LQ )LJ� �� 'DVKHG OLQHV UHSUHVHQW RSWLPXPV GXULQJ WUDQVLHQW
HSLVRGHV�

�� QRQ�FRRSHUDWLYH /06� �� GLIIXVLRQ /06 ZLWK WKH FOXVWHULQJ
VWUDWHJ\ LQWURGXFHG LQ >��@� �� GLIIXVLRQ /06ZLWK RXU FOXVWHULQJ
VWUDWHJ\� ZLWK DQG � 7KH VWHS�VL]H ZDV VHW
WR IRU DOO QRGHV�
)LJ� ��D� LOOXVWUDWHV WKH 06' FRQYHUJHQFH EHKDYLRU IRU WKHVH

DOJRULWKPV� 'XH WR ODUJH ELDV RI WKH HVWLPDWHG ZHLJKWV� GLIIX�
VLRQ /06 ZLWK D XQLIRUP FRPELQDWLRQ PDWUL[ KDG ODUJH 06'�
1RQ�FRRSHUDWLYH /06 SHUIRUPHG PXFK EHWWHU DV LW SURYLGHV XQ�
ELDVHG HVWLPDWHV� 7KH SURSRVHG DOJRULWKP ZLWK DFKLHYHG
EHWWHU SHUIRUPDQFH� DQG OHG WR DGGLWLRQDO SHU�
IRUPDQFH JDLQ GXH WR LQIRUPDWLRQ H[FKDQJH� )LQDOO\� LQ RUGHU
WR SURYLGH D VWUDLJKWIRUZDUG EXW YLVXDOO\�PHDQLQJIXO FOXVWHULQJ
UHVXOW� ZH DYHUDJHG WKH FRPELQDWLRQ PDWUL[ RYHU WKH ODVW ���
LWHUDWLRQV RI D VLQJOH UHDOL]DWLRQ� DQG ZH FRQVLGHUHG WKDW

UHSUHVHQWV D RQH�ZD\ FRQQHFWLRQ IURP WR � 7KH HVWL�
PDWHG UHODWLRQVKLSV EHWZHHQ QRGHV SURYLGHG LQ )LJ� ��E� SHU�
IHFWO\ PDWFK WKH JURXQG WUXWK FRQ¿JXUDWLRQ�
2) Non-Stationary Environment: &RQVLGHU QRZ D PRUH FRP�

SOH[ HQYLURQPHQW ZKHUH FOXVWHUV YDU\ RYHU WLPH� )RXU VWDWLRQDU\
VWDJHV DQG WKUHH WUDQVLHQW HSLVRGHV ZHUH PRGHOHG LQ WKLV H[�
SHULPHQW� 3URSHUWLHV RI LQSXW VLJQDOV DQG QRLVH ZHUH WKH VDPH
DV WKRVH LQ WKH VWDWLRQDU\ FDVH FRQVLGHUHG DERYH� )URP LQVWDQW

WR ����� WKH QHWZRUN FRQVLVWHG RI RQH FOXVWHU ZLWK D
XQLTXH RSWLPXP SDUDPHWHU YHFWRU WR HVWLPDWH� )URP
WR ����� QRGHV ZHUH VSOLW LQWR WZR FOXVWHUV ZLWK WZR GLIIHUHQW RS�
WLPXPV� )URP WR ����� QRGHV ZHUH VSOLW DJDLQ WR JLYH
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)LJ� ��� 0HDQ ZHLJKW EHKDYLRU RI YDULRXV DOJRULWKPV LQ WKH QRQ�VWDWLRQDU\ HQYLURQPHQW� &RORUV DQG PDUNHUV DUH FRQVLVWHQW ZLWK FOXVWHU FRORUV LQ )LJ� ��D�� �D�
'LIIXVLRQ /06 ZLWK XQLIRUP � � �E� 1RQ�FRRSHUDWLYH /06� �F� $OJRULWKP LQ >��@� �G� 3URSRVHG ZLWK �

IRXU FOXVWHUV� )LQDOO\� IURP LQVWDQW � QRGHV ZHUH DJ�
JUHJDWHG LQWR RQH FOXVWHU ZLWK DQRWKHU XQLTXH SDUDPHWHU YHFWRU
WR HVWLPDWH� 7UDQVLHQW HSLVRGHV ZHUH GHVLJQHG ZLWK OLQHDU LQWHU�
SRODWLRQ EHWZHHQ HDFK VWHDG\�VWDWH VWDJH RYHU D SHULRG RI ���
WLPH VDPSOHV� 7DNLQJ� IRU H[DPSOH� WKH ¿UVW FRPSRQHQW RI WKH
ZHLJKW YHFWRU RI QRGH � RYHU WKH WLPH LQWHUYDO � WR ����� WKH
WLPH�YDULDQW RSWLPXP LV H[SUHVVHG E\

�
�����

&OXVWHU VWUXFWXUHV DQG RSWLPXP SDUDPHWHU YHFWRUV DUH LOOXVWUDWHG
LQ )LJV� � DQG �� UHVSHFWLYHO\�
7KH VDPH IRXU DOJRULWKPV DV EHIRUH ZHUH FRQVLGHUHG IRU

FRPSDULVRQ� )LJ� �� VKRZV WKHLU PHDQ ZHLJKW EHKDYLRU� &RQ�
YHQWLRQDO GLIIXVLRQ /06 ZLWK D XQLIRUP FRPELQDWLRQ PDWUL[
PDGH DOO QRGHV FRQYHUJH WR WKH VDPH 3DUHWR RSWLPXP GXULQJ
DOO SKDVHV� 7KH QRQ�FRRSHUDWLYH /06 HVWLPDWHG WKH RSWLPXP
ZHLJKW YHFWRUV ZLWKRXW ELDV� 7KH DOJRULWKP SUHVHQWHG LQ >��@�
ZKLFK JHQHUDOO\ SHUIRUPV ZHOO IRU ZHOO�VHSDUDWHG WDVNV DQG
ZHOO�VHSDUDWHG LQLWLDO UDQGRP ZHLJKWV� GLG QRW SHUIRUP ZHOO
ZLWK WKLV VHWWLQJ� 2XU DOJRULWKP VKRZHG WKH VDPH FRQYHUJHQFH
EHKDYLRU IRU DQG � 2QO\ WKH FDVH

LV SUHVHQWHG KHUH GXH WR VSDFH OLPLWDWLRQ� ,W FDQ EH
REVHUYHG WKDW� IRU HDFK QRGH� WKH SDUDPHWHU YHFWRU FRQYHUJHG
SURSHUO\ LQ DFFRUGDQFH WR WKH RULJLQDO FOXVWHU VWUXFWXUHV UHSUH�
VHQWHG LQ )LJ� �� 06' OHDUQLQJ FXUYHV DUH VKRZQ LQ )LJ� ���
7UDQVLHQW VWDJHV FDQ EH FOHDUO\ REVHUYHG RQ ERWK ZHLJKW EH�
KDYLRU DQG 06' EHKDYLRU FXUYHV� 'LIIXVLRQ /06 HQIRUFHG
WKH ZHLJKW YHFWRUV HVWLPDWHG E\ HDFK DJHQW WR FRQYHUJH WR
WKH VDPH VROXWLRQ DW HDFK VWDJH� $V D FRQVHTXHQFH� WKH 06'
OHDUQLQJ FXUYH VKRZV SRRU SHUIRUPDQFH GXH WR ODUJH ELDV�
1RQ�FRRSHUDWLYH /06 FRQYHUJHG ZLWKRXW ELDV WRZDUGV WKH
RSWLPXP SDUDPHWHU YHFWRUV� 7KH DOJRULWKP LQWURGXFHG E\ >��@
VKRZHG VRPH DELOLW\ WR FRQGXFW FOXVWHULQJ EXW GLG QRW SURYLGH
VDWLVIDFWRU\ UHVXOWV GXULQJ WUDQVLHQW HSLVRGHV� 'XULQJ VWDJHV �
DQG �� LW ZRUNHG DV ZHOO DV GLIIXVLRQ /06� +RZHYHU� GXULQJ
VWDJHV � DQG �� LW RQO\ SHUIRUPHG VOLJKWO\ EHWWHU WKDQ GLIIXVLRQ
/06� 7KH SURSRVHG DOJRULWKP ZDV DEOH WR WUDFN WKH V\VWHP
G\QDPLF ZLWK FRUUHFW FOXVWHULQJ DQG DSSURSULDWH FRQYHUJHQFH
LQ WKH PHDQ�VTXDUH VHQVH�
3) Large Network and High-dimensional Regressors: )RU

WKH VDNH RI VLPSOLFLW\� SUHYLRXV H[SHULPHQWV ZHUH FRQGXFWHG
ZLWK UHODWLYHO\ VPDOO QHWZRUNV DQG ORZ�GLPHQVLRQDO RSWLPXP
SDUDPHWHU YHFWRUV� $ QHWZRUN FRQVLVWLQJ RI WZR FOXVWHUV ZLWK ��

)LJ� ��� 1HWZRUN 06' EHKDYLRU FRPSDULVRQ LQ WKH WLPH YDULDQW PXOWLWDVN HQ�
YLURQPHQW�

QRGHV LQ HDFK FOXVWHU ZDV UDQGRPO\ GHSOR\HG LQ D JLYHQ DUHD�
ZLWK SK\VLFDO FRQQHFWLRQV GH¿QHG E\ WKH FRQQHFWLYLW\ PDWUL[
LQ )LJ� ���E�� 7KH RSWLPXP SDUDPHWHU YHFWRUV ZHUH VHW DV IRO�
ORZV� IRU � DQG IRU

� 7KH UHJUHVVLRQ LQSXWV ZHUH ]HUR�PHDQ
�� � UDQGRP YHFWRUV JRYHUQHG E\ D *DXVVLDQ GLVWULEXWLRQ ZLWK
FRYDULDQFH PDWULFHV � 7KH EDFNJURXQG QRLVHV

ZHUH L�L�G� ]HUR�PHDQ *DXVVLDQ UDQGRP YDULDEOHV� DQG LQ�
GHSHQGHQW RI DQ\ RWKHU VLJQDO� 7KH YDULDQFHV DQG ZHUH
XQLIRUPO\ VDPSOHG LQ DQG � UHVSHFWLYHO\�
)RU DOO QRGHV� WKH VWHS�VL]HV ZHUH VHW WR � 7KH VDPH
IRXU DOJRULWKPV DV EHIRUH ZHUH FRQVLGHUHG� 2XU DOJRULWKP ZDV
XVHG ZLWK WKH QRUPDOL]HG JUDGLHQW DQG

� 06' OHDUQLQJ FXUYHV DUH VKRZQ LQ )LJ� ���D�� DQG WKH
FRQQHFWLYLW\ PDWUL[ GHWHUPLQHG E\ RXU DOJRULWKP LV UHSUHVHQWHG
LQ )LJ� ���F�� ,W FDQ EH REVHUYHG WKDW WKH SHUIRUPDQFH RI RXU DO�
JRULWKP LV EHWWHU WKDQ WKDW RI RWKHU PHWKRGV�

C. Collaborative Target Tracking Over Sensor Networks

&RQVLGHU QRZ D WDUJHW WUDFNLQJ SUREOHP WR LOOXVWUDWH RXU DGDS�
WLYH FOXVWHULQJ VWUDWHJ\ ZLWK GLIIXVLRQ /06� :H IRFXVHG RQ D
VFHQDULR LQYROYLQJ IRXU WDUJHWV� QXPEHUHG IURP WR ��
PRYLQJ DFFRUGLQJ WR WKH VWDWH�WUDQVLWLRQ HTXDWLRQ

�����
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)LJ� ��� 6LPXODWLRQ UHVXOWV RQ D ODUJH QHWZRUN ZLWK KLJK�GLPHQVLRQDO UHJUHVVRUV � �D� &RPSDULVRQ RI 06' OHDUQLQJ FXUYHV� �E� ,QLWLDO
FRQQHFWLYLW\ PDWUL[� ZKHUH JUD\ HOHPHQWV UHSUHVHQW SK\VLFDO FRQQHFWLRQV� �F� &RQQHFWLYLW\ PDWUL[ UHVXOWLQJ IURP RXU FOXVWHULQJ VWUDWHJ\� �D� 06' OHDUQLQJ FXUYHV�
�E� 1HWZRUN SK\VLFDO FRQQHFWLRQ PDWUL[� �F� &RQQHFWLRQ VHOHFWHG E\ WKH DOJRULWKP�

)LJ� ��� �D� 7UDMHFWRULHV RI IRXU WDUJHWV ZLWK LQLWLDO FRRUGLQDWHV � IURP WR ���� �E� &RPSDULVRQ
RI 06' OHDUQLQJ FXUYHV IRU WKH HVWLPDWH � �D� 7DUJHW WUDMHFWRULHV� �E� 06' OHDUQLQJ FXUYHV�

ZKHUH LV WKH ��GLPHQVLRQDO FRRUGLQDWHV IRU WDUJHW DW LQ�
VWDQW � 0DWULFHV DUH � � VWDWH�WUDQVLWLRQ PDWULFHV WKDW ZHUH
VHW WR

�����

DQG LV WKH PRGHOLQJ HUURU ZLWK L�L�G� ]HUR�PHDQ *DXVVLDQ
GLVWULEXWLRQ ZLWK FRYDULDQFH PDWUL[ � 7KH VWDQGDUG GHYLDWLRQ
ZDV VHW WR � 7KH LQLWLDO FRRUGLQDWHV IRU WKH IRXU WDUJHWV
ZHUH

�����
)LJ� ���D� VKRZV WKH WUDMHFWRULHV RI WKH IRXU WDUJHWV IURP LQVWDQW

WR ���� $ QHWZRUN ZLWK QRGHV ZDV UDQGRPO\
GHSOR\HG LQ D JLYHQ DUHD� ZLWK SK\VLFDO FRQQHFWLRQV GH¿QHG E\
WKH FRQQHFWLYLW\ PDWUL[ LQ )LJ� ���D��
:H VXSSRVHG WKDW HDFK QRGH ZDV DEOH WR WUDFN RQO\ RQH WDUJHW

GXULQJ WKH H[SHULPHQW� ZLWK QRLV\ REVHUYDWLRQV �

�����

ZLWK DQ L�L�G� ]HUR�PHDQ *DXVVLDQ REVHUYDWLRQ QRLVH ZLWK
FRYDULDQFH PDWUL[ DQG VWDQGDUG GHYLDWLRQ � )RU
HDVH RI SUHVHQWDWLRQ� ZH DVVXPHG WKDW QRGHV �±�� WUDFNHG WDUJHW
�� QRGHV ��±�� WUDFNHG WDUJHW �� QRGHV ��±�� WUDFNHG WDUJHW ��
DQG QRGHV ��±��� WUDFNHG WDUJHW ��
&RQVLGHULQJ DV LQSXW GDWD DQG DV WKH GHVLUHG

RXWSXW GDWD IRU WKH OHDUQLQJ DOJRULWKP� HDFK QRGH ZDV DLPHG WR
WUDFN D WDUJHW RU� HTXLYDOHQWO\� WR HVWLPDWH LWV WUDQVLWLRQ PDWUL[
JLYHQ LQSXW�RXWSXW QRLV\ GDWD� :LWKRXW FRRSHUDWLRQ� WKLV WDVN
FDQ EH SHUIRUPHG E\ HDFK QRGH E\ PLQLPL]LQJ WKH IROORZLQJ
FRVW IXQFWLRQ ZLWK UHVSHFW WR PDWUL[ �

�����
&ROODERUDWLRQ DPRQJ QRGHV PD\ EH EHQH¿FLDO DV VHYHUDO QRGHV
DUH FRQGXFWLQJ WKH VDPH WDVN� LQFOXGLQJ QRGHV WKDW WUDFN WKH
VDPH WDUJHW DQG QRGHV WKDW WUDFN GLVWLQFW WDUJHWV ZLWK WKH VDPH
VWDWH�WUDQVLWLRQ PDWUL[� &OHDUO\� GLIIXVLRQ /06 ZLWK D XQLIRUP
FRPELQDWLRQ PDWUL[ LV QRW VXLWDEOH ZLWKLQ WKLV FRQWH[W VLQFH
QHLJKERULQJ QRGHV PD\ QRW KDYH WKH VDPH WDVN WR FRQGXFW� 7KLV
SUREOHP UHTXLUHV DGDSWLYH FOXVWHULQJ WR DXWRPDWLFDOO\ DJJUHJDWH
QRGHV WKDW SHUIRUP D VLPLODU WDVN�
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)LJ� ��� �D� ,QLWLDO FRQQHFWLYLW\ PDWUL[� ZKHUH JUD\ HOHPHQWV UHSUHVHQW SK\VLFDO FRQQHFWLRQV� �E� &RQQHFWLYLW\ PDWUL[ UHVXOWLQJ IURP RXU FOXVWHULQJ VWUDWHJ\� %OXH
HOHPHQWV FRUUHVSRQG WR WKH FRQQHFWLRQV XVHG WR HVWLPDWH WKH WUDQVLWLRQ PDWULFHV � 5HG DQG JUHHQ HOHPHQWV FRUUHVSRQG WR WKH FRQQHFWLRQV XVHG WR HVWLPDWH
WKH WUDQVLWLRQ PDWULFHV DQG � UHVSHFWLYHO\� *UD\ HOHPHQWV FDQ EH FRQVLGHUHG DV IDOVH FRQQHFWLRQV EHFDXVH WKH\ LQYROYH QRGHV WKDW GR QRW HVWLPDWH WKH VDPH
WUDQVLWLRQ PDWUL[� �D� 1HWZRUN SK\VLFDO FRQQHFWLRQ PDWUL[� �E� &RQQHFWLRQV VHOHFWHG FROODERUDWLYHO\ E\ WKH DOJRULWKP�

$OJRULWKP � ZDV UXQ ZLWK DQG ZDV LQLWLDOL]HG ZLWK
� 7KH VWHS�VL]H ZDV VHW HTXDO WR �

)LJ� ���E� VKRZV WKH 06' OHDUQLQJ FXUYHV RI WUDQVLWLRQ PD�
WULFHV HVWLPDWHG E\ QRQ�FRRSHUDWLYH /06� DQG GLIIXVLRQ /06
ZLWK DGDSWLYH FOXVWHULQJ VWUDWHJ\� 7KH SHUIRUPDQFH JDLQ FDQ EH
FOHDUO\ VHHQ IURP WKHVH ¿JXUHV� )LJ� ���E� VKRZV WKH FRQQHF�
WLYLW\ PDWUL[ GHWHUPLQHG E\ WKH FOXVWHULQJ VWUDWHJ\ DW LWHUDWLRQ

� *UD\ HOHPHQWV LQ WKLV ¿JXUH UHSUHVHQW WKH FRPELQD�
WLRQ ZHLJKWV WKDW DUH ODUJHU WKDQ ����� ,W FDQ EH VHHQ WKDW
FRQQHFWLRQV DUH GLVWULEXWHG LQ � EORFNV RQ WKH GLDJRQDO� HDFK
RQH FRUUHVSRQGLQJ WR D WDUJHW� DQG � RWKHU EORFNV �XSSHU�ULJKW
DQG ORZHU�OHIW RQHV� ZKHUH QRGHV WUDFN WZR GLVWLQFW WDUJHWV ZLWK
WKH VDPH VWDWH�WUDQVLWLRQ PDWUL[�

9,� &21&/86,21 $1' 3(563(&7,9(6
0DQ\ SUDFWLFDO SUREOHPV RI LQWHUHVW KDSSHQ WR EH PXOWLWDVN�

RULHQWHG LQ WKH VHQVH WKDW WKHUH DUH PXOWLSOH RSWLPXP SDUDPHWHU
YHFWRUV WR EH LQIHUUHG VLPXOWDQHRXVO\� ,Q WKLV SDSHU� ZH VWXGLHG
WKH SHUIRUPDQFH RI WKH VLQJOH�WDVN GLIIXVLRQ /06 DOJRULWKP
ZKHQ LW LV UXQ LQ DPXOWLWDVN HQYLURQPHQW� $FFXUDWH PHDQZHLJKW
EHKDYLRU PRGHO DQG PHDQ VTXDUH GHYLDWLRQ PRGHO ZHUH GHULYHG�
1H[W� ZH SURSRVHG DQ XQVXSHUYLVHG FOXVWHULQJ VWUDWHJ\ WKDW DO�
ORZV HDFK QRGH WR VHOHFW WKH QHLJKERULQJ QRGHV ZLWK ZKLFK LW
FDQ FROODERUDWH WR DGGUHVV D JLYHQ WDVN� 6LPXODWLRQV ZHUH SUH�
VHQWHG WR GHPRQVWUDWH WKH HI¿FLHQF\ RI WKH SURSRVHG FOXVWHULQJ
VWUDWHJ\�
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